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Abstract

The aim of this work is to present two different approaches for modeling a photovoltaic panel
(PV) fully illuminated. Generally, the physic’s model (White box) takes into account the
physic, electronic and energetic behavior of different compound of the system’s model, as
function of the solar irradiance and operating temperature. The statistician model (Black box)
using the Design of Experiment method considers a physical system as a black box with
various inputs (factors) and outputs (responses). Each approach has specific advantages, they
are complementary.

1.Introduction

Many researchers (whether mathematicians or researchers from other disciplines: physics,
chemistry, biology, pharmacy, etc) are unaware of the DoE. Mathematicians, first of all, worry
when they see a publication containing words such as photovoltaic, chemical field, etc. They
imagine that it is another discipline than mathematics and statistics. As for physicists,
chemists, etc, they also worry because when they read the publication (case of the three
publications [1,2,3]) they only discover mathematics and statistics throughout the publication,
with a minimum of diagrams and information on physics, chemistry, etc. They deduce that the
DoE should be taught to all disciplines without distinction in order to reconcile theoretical and
experimental research as they are complementary.

Several works have been carried out to model and predict the behavior of a PV panel operating
under normal conditions or subject to malfunctions due to shading problems. Generally, the
modeling of the operation of a PV system is based on its physical, electronic and energy
behavior as a function of illumination and temperature. These models often involve
transcendent functions such as exponentials. We introduce a new approach, Design of
Ezxperiments Method (DoE), which wuses statistical tools. We propose the name
“ Physicsmetrics” for this approach when we apply DoE on physics systems. The operation is
described using a mathematical model, always in polynomial form, established from
experimental measurements.

The physicist's approach consists in representing the PV panel by an equivalent electrical
diagram on which the physical laws are applied to obtain a mathematical model linking the
current and the voltage delivered. We will present some methods developed by researchers on
the determination of the physical parameters constituting the model.



The statistician's approach consists of using measurements made on the panel to establish
several models of different parameters to give graphic representations and their interpretations.
Advantages and complementarities of each of these two approaches will be given in conclusion
in which interesting perspectives for the continuation of this work will be proposed.
2. Photovoltaic effect
Fig.1 shows the simple electrical diagram of a solar cell. The current generator I, (or
photoelectronic current) is placed in parallel with a diode carried by the direct current 1,. [4]
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Fig.1. Solar cell diagram.
The experimental variations of the delivered electric current [ as a function of the delivered

voltage V are given by the characteristic curve I-V shown in Fig.2.
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Fig.2. Characteristic curve I = f (V).

Where I, is the the short-circuit current (V =0,I =I.), V,. is the open circuit voltage
(I=0,V=V,)and P,, is the maximum power point (V =V, = IL,).
The mathematical characteristic of a solar cell is given by :

1=l —Io [exp G=V) — 1] (1)
Where I, depends only on the intensity of the incident light energy and therefore on its
wavelength, [, is the reverse saturation current, A the diode quality factor, ¢ the electronic
charge, k the Boltzmann’s constant and T the temperature expressed in Kelvin. As shown by
Eq.1, this model widely used is based on an implicit equation. Moreover, with all these
parameters varying with irradiance and temperature this model is also difficult to solve.

By substituting the coordinates of the points I,, and V,, we obtain :
V=0 I = Iph
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Fig.3. Equivalent diagram of a photovoltaic panel.




Fig.3 shows the electrical diagram equivalent to the solar panel. Two resistors have been
added: R, (series resistance), linked to the impedance of the electrodes and the semiconductor
and R, (shunt or parallel resistance), which corresponds to a leakage resistance between the
two zones n and p of the junction [4].

2.3. Mathematic model

The laws of electronics make it possible to establish the following model:
V+I
I=1y,— ——Io[expm(V+1R)—1] 2)

I, A, R, and R, which depend on a set
temperature and illumination. If R¢ = 0 and Ry, = 0 infinite, we find the ideal equation (1) of

The model involves the five parameters: I,
the photovoltaic cell.

2.4. The fill factor FF

The Fill Factor is defined by the ratio between the maximum power delivered P,,,, and the

product of V, by I, FF = Pmax Thig factor measures the quality of the cell. The closer it is to

1, the better the quality of the cell. For a commercial cell, this factor is around 0.70.

3. Main physic’s methods for determining the parameters R, A, P, I, R, and
1, of the mathematical model

The methods for determining the characteristic parameters of a photovoltaic panel can be
graphical, analytical or numerical. Most are based on approximations.

In this section we will collect some of these methods.

3.1. Determination of R, [M.Wolf et H.Ranschenbach. 1963] [5]

The series resistor R, decreases the maximum output power P,

maxr’

hence the importance of this
factor.
We can determine R, by variant of two levels of illumination /,,, and 1, (Fig.4) and ignoring

the effect of R, equation (2) will be I = I, — I [exp M(V + IRg) — 1].

For two level of illumination we have Alph = Ippy — Ippr so:
I = Iy = Ay = Io [exp 2= (V, + LRS) = exp = (Vy + L R))|
since the diode voltage is the same for both illuminations, we can write: V, + IRy = V; + 1R

AV
so R
Alph

she

Fig.4. Ezperimental method of measuring R, by illumination variation.
Therefore, we can graphically determine the values of AV for different values of Al in order to
deduce the values of R..
3.2. Determination of R [tangente methode] [4]
This is a quick method which consists in calculating the slope of the tangent of the curve I(V)
at the point V =1, .



. . V+Rgl
We concider expression f(I,V) = I, — 1 — e Iy [expm(V + R,I) — 1] =0.
The slope is p = (S‘I/) . The derivative of f(I,V) =0 is df = df dl + dV 0, where
=V,
df -1 q Ve
4@ = 4V S the slope is p = — (“”‘T) P Gy Voc)
dI 1+(m) Rg I exP(AkT Voc)

For V ="V, I =0, and because Iy < I, and > Yoc << Ip (prouved by numerical values) we have

_ AkTI ph
——
1+ Rs Ipn

Lyp = Iy exp (q/AkT Voc). The slope becomes p =

In the Condltlon R Ipp > 1 which makes it possible to apply the principle of this method,

the slope will be R— where : Ry = _71.

this method is advantageous in the study of cells with high concertation and at a constant T,
in these cases I, is large [1].

3.3. Determination of A and R, [Masatoshi Warachima & Akio Ushirokawa.
1980][5]

Under illumination, neglecting R, and for the boundary conditions V,, and I, the equation (2)
gives :

o oo = Ipp = Io [exp - (Rs 1 + V) = 1]

ol = ph — Io [exp ﬁ R Isc — 1]

°0 =1L, — I [exp %Vbc — 1], after eliminating I,
1

we will get :
oIy = I [eprkT Voc — exp AkTR Isc]
With the condition V. > R; I, i.¢e Aqﬁ

V="V, — R, I+—Lg

Ve > exp —— (R I, ) we get:
ISC I

ISC

3)
by differentiating V with respect to LY glve R(I) = R, +ﬂL with R(I) = —d— is the
dynamic resistance, its values are obtalned from the curve I = f (V) from the line R(I) = f (ﬁ)

in the formY = %X , we deduce R, the y-intercept and the slope A. (Fig. 5)

R(D)

T > 1
I — 1
Fig.5. Determination of A and R;.

The advantage of this method is the constant illumination, so no movement of the light source
or the cell, nor variation in resistance, except that the condition V,. > RgI;, must be
respected.
3.4. Determination of P,,, and of V,, [Masatoshi Warachima & Akio Ushirokawa.
1980] [5]
Given Py gy = Iy X Vi, we will first determine the value of V,,, we derive P with respect to V

and we calculate the zero of the derivative: Z—s =0.

Igc—1

. I
The equation (3) becomes = =1- o= expm(V V,.) exp A%(RS D).




We suppose A%(RS I) <1 then we develop eprqW(Rs I) to power series up to 1* order:

1-exp % (V—Vo¢)

q q .
1+m (Rs Isc) exl’m(v_voc)

eprq?(Rs H=1 +ﬁ(RS I) we obtain: P =V I

Now we calculate i—i by averaging the following approximations:

cexp 2 (V= Vo) K expyz (V= Vi)

oL Ry Isc) exp—= (V= Vo) < 1

AKT AKT
q q
LOQ[(:H'M(RS Isc))(l'l'mvoc)] I _ 1-exp ﬁ Vim—Voc)
AKT where Pyay = Isc Vin

_q_ -1 _qa_ __1 :
AkT+(VOC+ q ) 1+AkT (Rs Isc ) exp (1 AKT Voc)

We obtain V,,, =V, —

The classical method of determining the points (V,,1,) consists in finding the biggest value of
V.I, which corresponds to finding the slope of the characteristic curve with the hyperbola
P =V.I =cte. This result without approximation depends only on the precision of the

Fig.6. Determination of Ppax = (Vo Im)-
3.5. Gaphic determination of A, I, and R, [D.Bonnet] [5]
In dark, L,, = 0, when Ry, is big we get:
e R, I KV because Ry is small
e exp (ﬁ V) > 1, so the equation (2) becomes I = I . exp (Aq? V) so Logl = Logl, + ﬁV.

measurement (Fig.6).
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Logl = f(V) is the semi-logarithmic line which gives the slope ﬁ hence the value of A and

—

Logl, |-~

the ordinate of the origin I, :
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Fig. 7. Determination of A and I,
If we cannot neglect R, I in front of V this curve is no longer a straight line, which will only be

visible for large values of the intensity I (F4ig.8): Logl = Logl, + Aq? (V + Ry I) where Rg = ATV.
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Fig.8. Determination of R,



This method neglects the variation of the parameters with the illumination of the solar cell.

The logarithmic plot has good linear form if the circuit current is low, exp (Aq? Rg I )~1 and

R is very low.

3.6. Gaphic determination of R, [M.Wolf & H.Ranschenbach. 1963] [5]

The value of R, can be obtained by using the inverse of the characteristic curve in the dark
(F'ig.9):

AV

Ry, = Al

== Al 4

Fig.9. Inverse characteristic in the dark.

Here I,, =0 and in the 3rd quadrant of the current-voltage curve V <0, as soon as
exp (ﬁ V) « 1 (because -V >» Aqﬂ) the relation (2) becomes V = (Rg + Rgp, )] — Rgpl,. So the
slope gives (Rs; + Rsp ) where Rg, > R;. in the dark, the solar cell is considered as a diode. The
use of this method requires very effective temperature stabilization. The method always leads
to much higher values of R;.[1]

3.7. Numerical method for determining the parameters Ipp, I,, A, Rg and Ry, [J.P.
Charles, M. Abdelkrim, Y.H. Muoy & P.Mialhe. 1981] [5]

The method proposed here is a numerical resolution, the parameter A, I,, R, L,, and Ry, are
determined from data measured relating to V,., I, and the corresponding slopes at these
points.

efor I =0, V =V,, the equation (2) implies: 0 = I, — IZ—‘S’; -1, [exp(AqW V) — 1],
R Isc q
- Rsn - Io [exp (mRs Isc ) - 1]7
VDC
Iph = Ig¢ (Al - 1) +R_sh
Rs N\ _Yoc | L~
lo = [ISC (1 B E) Rsn ] (A1-45)
With: A; = exp(ﬁ V,.) and A, = exp(ﬁ R I ) and by differentiating the equation (2) we
Rg = Ry —

efor V=0, I = I, the equation (2) implies: Iy, = L,

from these two equations we get

1
IOBA1+R—Sh

will have . Rgo et Rgpo are the dynamic resistances, the experimental

1
R, =m—rno—--—
sh 1
—Rs—I,fA
t RShO S Oﬁ 1

slopes of the curve I = f(V) in the neighborhood of V,. and the neighborhood of I.
dl 1

avli=o Rso
dl _ 1 -
avly=g Rsho

For each value of A we get the parameters Ipp, I,, Ry and Rgp,
The characteristic parameters of the I-V equation are very sensitive for a slight variation of A,
mainly in the neighborhood of the point Ppqx (I, Vin). So we can deduce A by the equation (2)

for I = Ly and V = Vp: Ly = Ly — 222550 1o Jexp B( Vi + Rolyy) — 1].



3.8. Determination of I, Iy, A, Ry and Ry, with Newton-Raphson method [6,7]

It is possible to determine these parameters by iterative methods. The Newton-Raphson
method is chosen for the rapid convergence of the response [4]. It is one of the most widely
used methods for solving a system of nonlinear equations. The algorithm of this method is
based on the use of the Taylor expansion. To solve the equation f(x) = 0, starting from an
initial value z;, one seeks a correction Ax such as 0 = f(x + Ax) by doing a Taylor expansion

around x = x,, we find:

2 .Az 3 _A3
0= f(x0)=f'(x0).Ax+<%>+<%>+

It suffices now to ignore order terms higher than or equal to 2 in Ax to obtain Ax = — [Go)

frxo)
The correction is the quantity that must be added to cancel the function f(xy) since we have

neglected the order terms higher than or equal to 2 in the Taylor expansion, this correction is
Fx)

) where f'(x;) is the derivative at I, x;

not perfect and we put x; = xy + Ax so x;,; = x; —

is the actual value and x;44 is the next value.

By extension to the system of equations we get x;.; = x; —J1(i) f(x;), J is the Jacobian
matrix.

There are three key points in the -V curve: the short circuit point I, the open circuit point
V,¢ and the maximum power point Pq,. From the characteristic equation (2) we consider the
non linear system of 5 unknown variables: I, Iy, A, Rs, Rgp, and 5 equations : f;(x), f2(x),
f3(x), fa(x), f5(x) such as:

ewhen I =0,V =V, fi(x) = 0 = L, — 22 — [eprkT v, — 1]

ISC S
ewhen V=0,1=0,f,(x)=0=—I,+ 1ph — By |exp—L (IscR;) — 1]
I
ewhen P = Py, fa(x) =0 _—m——(1— Rs)—loﬁ@——R ) exp-L (Vi + Ry)

Voc

Rsn
chn ] 0 =0m (1) (o
av h RSO AKT AKT
dl R
-when—| 1) =0=-(1-2) — -1 (1 - =) exp (G- IR
dav V fS( ) Rsn Rsho (U Rsho p (AkT sc s)
While = (Rsh, Lyn, 1o, A, Rs, Rgp) we will have the system fi(x) =0, i=1--5 and the
jacobian :
1 1-exp=Lv, L vexp—Lv, Yoe
I/ P LT Yoe wkT 1oVoc P gy Voc 0 Ron? \I
[SCRS
|l 1- eXpAkT(' R AZlenl ReprkT(l R —’% AkTu eprkT([ R) R |
8 AkTV —— (U — InRs) — epriT(v + IuR) W(V — InRO[AKT + q(V — Iy R)JEXpm(V +I,Ry) R'h"‘v AZ‘JIJZWW‘T qW, — 1, R)Jexpm(v +I,RS) (V’;;!";mks)
Reo — Re)exp—=Voe __To__ (g 4 1 alo (Rso = Rs)
| AkTRso( )60 IAszTZR (Rag = ROCAKT + aic)exp i Vi Rk | AKTR, e e Ro’Foy |
\o —Mm(kmf&)exp:ﬁlﬂizs W(Rh — RAKT + gl R)expml R, _Rsn;x +ﬁmk1 Al Rono —R))expml R, ‘(Rﬁf}_ajff)/

The Jacobian can be evaluated with Matlab using “Optimization toolbox”.

We have given above some methods (of the physicist) for determining the parameters of the
equation of characteristic IV, we will give in the following sections the method of Design of
Experiments (DoE) in order to compare the two approaches in the conclusion.

4. Statistic approach, Design of Experiment Method

Several experiments were carried out, the panel being fully illuminated. The panel is placed in
front of a light source. The voltage V and the intensity I of the output current are recorded in
order to draw the characteristic curve I = f(V) and determine the maximum power delivered.
A mathematical model describing the variations in maximum power as a function of



illumination and temperature was obtained. This model is a predictive model. It can inform us
about the value of the maximum power delivered at any point of the experimental field
prospected.

4.1. Experimental set-up and measurements [1]

Light intensity is measured in terms of distances, with the light source placed respectively 1.10,
2.00 and 2.80 meters from the panel (SD). The temperature (7) of the panel, is measured in
degrees Celsius. The panel consists of four rows of 18 cells each, making 72 cells in total. The
first group of cells is formed by rows 1 and 2 arranged in parallel, the second group by rows 3
and 4, also placed in parallel. The two groups are connected together in series (Fig.10). Fig.11
gives a representation of the shape of the characteristic curves obtained in three different SD
and T.

Fig.10. The solar panel.
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Fig. 11- characteristic curves.
4.2. Basic elements on the Design of Experiments method [8,9]
The system is considered as a black box in which only the inputs and outputs are considered,
called factors and responses respectively. The internal constitution of the system is totally
ignored.
4.2.1. Mathematical modeling
In the absence of any information about the function that links the response y to the factors z,
we give, a priori, the most general formulation y = f(x1,%,x3,*+,x;) this function is too
general and it is customary to take a limited Taylor expansion. Either around x5 =0,y, =0
we have the MacLaurin series in the second order and changing the notation to:

1 [9£(0) af(0) ] 1 [62}‘(0) i) 9 (0) 0*f(0,0) , N
2

y= f(xl'xZ) = f(O‘O) + ﬂ axl 1 + axZ X a axlz 1 axlaxZ 1%z axzaxl X2’ axZZ 2

=ag + a1x; + Xy + A1pX1%5 + Q11X + AppX,?




if the derivatives of the Taylor expansion can be considered as constants, the previous

expansion takes the form of a polynomial of big degree:
_ k k k
Y = Qg+ Ny apx; + N o1 aiixix; + Niq a;ix;?
i<j
where:

¢ 4 is the response measured during the experiment and it is obtained with a given precision.
o 1, represents the level assigned to the factor i (i =1,2,:-,k). It is the value of the factor
coordinate retained by the experimenter to perform a test. This value is perfectly known.
® g, a;,a;;,a; are the coefficients of the mathematical model a priori adopted. They are not
known and must be calculated. They are respectively the value of the response at the center
of the field of study, the main effects of the factors, the second-order interactions between
factors and the coefficients of the quadratic terms.
The main effect of a factor tells us about the magnitude of the influence of this factor on the
response (the greater its absolute value, the more influential it is) and on the direction of
variation (the response and the factor vary in the same direction if «; is positive, in the
opposite direction if a; is negative). Here we have both quantitative and qualitative information
on this influence. The experimenter will therefore be able to visually rank the influence of the
factors on the response. In particular, he will be able to know the most influential factor. This
hierarchy is presented by the DoE software using two diagrams: the histogram of the
coefficients of the model and a representation giving the contribution of each of them in terms
of percentages. a; give a measure of the effects of second order interactions between factors.
The expression we have chosen is the one adopted in most of the optimization designs called
"Response Surface Design". It has been shown that not all interaction can be obtained if we use
the old method known as "One factor at a time" and which consists in varying a single factor
while keeping the others at constant.
4.2.2. Experimental space and study domain
Each factor is represented on an oriented axis, taking values within its range of variation. The
latter is limited by a low level denoted by -1 and a high level denoted by +1. The k axes are
orthogonal to each other two by two and constitute a basis of the vector space R’ of k
dimension, called Experimental Space. The combination of the areas of variation of each factor
defines the study domain, it is the part of the Experimental Space that the experimenter has
chosen to carry out his tests. A study, that is, a well-defined set of experiences, is represented
by a series of dots arranged in the study domain. See Fig.12.
4.2.3. Coded units
In order to give a generality of presentation to the theory of design of experiments, in order to
be free from units and to use dimensionless coordinates, we change the cartesian coordinate
system by performing the following two operations: translate the axes to position the new
vertex in the center of the study domain, change the units of the axes so that the low and high
levels take the values -1 and 41. The transition from the original coordinates to the centered
A-A

scaled variables (c.s.v), and wvice versa, is given by x = sto (Ap being the centered value in

current units). For example, (1.10m and 40°C) are the coordinates of the first test carried out.
1.10-1.95

The corresponding reduced centered coordinates become: x; = e - -1 and x, =
S — _0.1429.
17.5

4.3. Design with 11 trials



=SD Y1 = Prax

X, = . .
Factors are {xl _T and responses are {Y, = V¢ and the experiment space is:
V3 =Is
Level -1  Level 0 Level +1
SD (m) | 1.10 1.95 2.80
T (°C) 25 425 60

The study domain is chosen by including all the experimental points carried out, taking for low
levels, the minimum values of the two factors (1.10 and 25 °) and for high levels their
maximum values (2.80 m and 60 °C). The distribution of experimental points in the study
domain is shown in fig.12.

Temperature (°C) Study domain

A A
)(24

Eperimental space

60 5 +1 o Yo /
Y13
Va O Yia
- X1
425 1 Q < MY
Y1 ‘ Ys . Y11
y;z O vis
yz ® v Y10
25 - @ :
Y7
1.10 1.95 2.80  Illumination (m)

Fig.12. Distribution of the experimental points inside the experimental domain.

4.3.1. Matrix of experiments and test results
The table.1 summarizes the data in reel units and in csv.

Table.1. Matriz of experiments and test results

) SD Temperature — SD Temperature V, I, P
Essais

m °C csv cSv vV A V.A
1 1.10 40 -1 -0.1429 18.3 2.5 y,=32.6
2 - 30 -1 -0.7143 18.3 2.5 y,=32.3
3 - 26 -1 -0.9429 18.7 2.5 y,=32.2
4 - 44 -1 -0.0857 18.1 25 y,=31.3
5 - 60 -1 1 17.3 2.5 y.=31.2
6 2.00 30 0.0588 -0.7143 17.7 1.5 y~=19.0
7 - 25 0.0588 -1 181 1.5 y,=19.2
8 - 40 0.0588 -0.1429 17.7 1.5 ys=19.2
9 - 60 0.0588 1 171 1.5 y=18.4
10 2.80 31 1 -0.6571 171 1.0 y,,=12.0
11 - 38 1 -0.2571 16.9 1.0 y;;=12.5

Level -1 1.10m 25°C
Level 0 1.95 m 42.5°C
Level +1 2.80 m 60°C

10



V,

oc)

4.3.2. Mathematical model for P,

max?

and 7,

The expression of the model will include the deviation or residue e, a term which combines a
model fit error and an experimental error. The model will therefore be ag + a;x; + ayx, +
A12X1X5 + A11%,2 + azx,2 + €.

4.3.3. The linear system

If we apply this model to the 11 experimental points, we obtain the following linear system:
( y1 =0ap—aq — 0.1429(12 + 0.14’29(112 + aiq + 0.0204(122 + eq

_ 2 2
{ Yi = Qg + a1Xq; + ApXp; + A12X1iXp; + A11X1;" + A2Xp° T € (4)

W11 = ao + a; — 0.2571ay — 0.2571ay, + a1 + 0.0661a5, + €14

It is a linear system with n =11 equations and n+p =17 unknowns (p = 6 coefficients
ag, A1, A,0Q12,011, Az and 11 residus e, e,,:-+,e11. We have more unknowns than equations.
We can’t solve such a system, we are missing 6 equations that will be obtained by formulating
an additional hypothesis (least square criteria) and consisting in choosing the vector a so that
the errors e are as small as possible. Therefore the sum of the squares of the residuals be
minimum: Y=} e? = e 'e = min. We give the system (4) in matrix form:

Xat+e=y (5)
Withy =326 323 322 313 312 19.0 192 192 184 120 125)'
The matrix effects X and the vector y which bring together the 11 measurements carried out
are known. The unknown are the vector a and e. We have in (5) a single matrix relation with 2
unknowns. For any vector a chosen arbitrarily, one and only one vector e will correspond and
vice versa.
4.3.4. Matrix of effects X
The matrix effects X can be easily obtained. We start by writing a column of numbers 1
corresponding to the coefficient a, (column M), then the columns z, and z, centered scaled
values, of the illumination and of the temperature in Table 1 (columns 1 and 2). We will add a
column, product term by term of columns z; and z, (column 12) and finally the last two
columns by taking the squares of the terms of columns z, and z, (columns 1* and 27).
1 2 12 1? 22 \
-1 -0.1429 -0.1429 1 0.0204
-1 -0.7143  0.7143 1 0.5102
1
1

N

-1 -0.9429  0.9429 0.889

-1 -0.0857  0.0857 0.0073

-1 1 -1 1 1
0.0588 -0.7143 -0.042 0.0035 0.5102
0.0588 -1 -0.0588  0.0035 1
0.0588 -0.1429 -0.0084 0.0035 0.0204
0.0588 1 0.0588  0.0035 1

1 -0.6571 -0.6571 1 0.4318

1 -0.2571  -0.2571 1 0.0661 _/

>
Il
I T = T S S Gy S e =Y

-
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It is easier to stay in matrix form. The problem therefore is to finding the vector a
y=Xa+e

corresponding to the following system: 1 g(e'e)
Cda

Where e'e=(y'—a'X")(y-Xa)=y'y—y'Xa—a'X'y+a'X'Xa the 2" and the 3" terms are

scalar so (y'Xa)'=a'X'y then e'e=y'y—2aX'y+a'X'Xaby taking the derivative of the

0

function e’e with respect to the vector a (y'y is constant):
d(e'e) _ d(y'y) _zd(a'X'y) N d(a'X'Xa)

da da da da
The matrix X'X is a symmetric matrix called information matriz. If its determinant is

=0-2X'y+2X'Xa=0 so X'Xd=X'y

nonzero, we can find its inverse, hence the important formula d=(X'X)" X'y, widely used in

experimental design theory and allowing to calculate the model coefficients, knowing the
calculation matrix X and the vector y of the measured responses. The inverse matrix (X'X)™" is

called the matriz of dispersion. By applying this formula, the calculation software will give:

d=(19.6519 -9.8259 —0.3047 0.3107 2.5032 —0.3069)'.

So the models will be :
P =19.6519-9.8259x, —0.3047x, + 0.3107x,x, + 2.5032)612 - 0.3069)622

V. =17.6463—0.6034x, — 0.4659x, + 0.1686x,x, — 0.1559x,> — 0.0916x,
1, =1.5434-0.75x, — 0.2066x,’

4.4. Evaluation of the model quality
The experimental and calculated results are very close. The models are therefore of good
quality (Table.2):

Table 2- Comparison between measured and calculated values

) Measured Calculated
Trials
values values

Ve L. Puuw Voc I, P
1 18.3 2.5 32.6 18.2 2.5 321
2 18.3 2.5 32.3 18.5 2.5 32.3
3 18.7 2.5 322 18.6 2.5 32.3
4 18.1 2.5 31.3 18.0 2.5 31.9
5 17.3 2.5 31.2 17.4 2.5 31.0
6 177 1.5 19.0 179 1.5 19.1
7 18.1 1.5 19.2 18.0 1.5 19.1
8 17.7 1.5 19.2 17.7 1.5 19.1
9 17.1 1.5 184 17.1 1.5 185
10 17.1 1.0 12.0 17.0 1.0 122
11 16.9 1.0 125 17.0 1.0 12.3

4.4.1. Fill factor FF

Trials | 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15

FF 10.70]0.69]0.69|0.70]0.71]0.71]0.70]0.71]0.72]0.71 1 0.72 | 0.70 | 0.71 | 0.72 | 0.71

We notice that the FF'is good, it is around 0.70.
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4.4.2. Precision on the model coefficients
The measured responses are tainted with an experimental error. This error can be estimated by
the standard deviation. The matrix X is not a random quantity and it introduces no error.
Only the vector y has random variables. The variations of the elements of this matrix therefore
lead to variations (or errors) on the coefficients of the model since there is the relationship
a@=(X'X)"X'y. The coefficients determined by the least squares method are random
quantities, they will therefore, in turn, generate other random variables when they appear in a
mathematical relationship.
Statisticians have demonstrated the following relationship between the variance of the residuals
and the variances of the coefficients V(&) = 62(X'X)™1, relation in which 62 is the overall
variance of the regression, that is, the variance of the residuals. V(@) is the matrix of the
variances covariances of the coefficients. The variances of the coefficients are laid out on the
principal diagonal of V(&) and the covariances are the non-diagonal elements. For the
calculation of the standard deviations, we do not need the items corresponding to the
covariances. We will only write the main diagonals then the previous formula becomes
DiagV(a) = o? Diag(X'X)™L.
It is the relation of the variances of the coefficients. This relation is very important. Indeed, it
shows that there are three components which induce errors on the coefficients. These three
components are:
e The error made on the answers because of the term ¢?2. Indeed this term combines the
experimental error and the adjustment deviation. The errors made on the measured responses
are therefore transmitted to the coefficients of the mathematical model. This is well known,
and it comes as no surprise to us.
e The location of the experimental points. The position of the experimental points in the
field of study generates greater or lesser errors on the coefficients of the mathematical model.
It is the matrix X that is responsible for this transfer. This second result is much more
unexpected and deserves to be underlined because it is little known to many experimenters.
This means that an experimenter who conducts experiments with great care and obtains very
precise test results may still have poor mathematical models if he has misplaced the
experimental points in the experimental field.
e The mathematical model chosen a priori. The initial choice of the mathematical model
made by the experimenter generates more or less adjustment deviations on the coefficients of
the mathematical model. Those responsible for this transfer are ¢ and the matrix X. This
result also deserves to be underlined because it is little known. This means that one should
expect large errors on some coefficients when the mathematical model chosen a priori is too
far from the real model.

For our example, the matrix being known, we can calculate the dispersion matrix:

05297 -0.0374 0.0777 0.0309 -0.3566 —0.4083 ]
—0.0374 0.2840 0.1420 0.2555 0.1639  0.0850
0.0777  0.1420 03437 0.2989 0.0775 -0.0141
0.0309 0.2555 0.2989 0.6789 0.1502 0.0413
-0.3566 0.1639 0.0775 0.1502 0.5180 0.1783

| —0.4083 0.0850 —0.0141 0.0413 0.1783  0.6326 |

(XX =
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We apply the formula (6) by keeping only the diagonal elements of the matrix (x'x)™ :

Va) . : ) : . (05207 .
na) . . . : . 02840
na) . . . . . 03437
na, . . o - . . 0679 .
na,) . . . . . 05180
May) | . . . : . 06326

By identifying the corresponding elements of the two matrices, we obtain the variances of the
coefficients:

V(d,) = 0,52976? V(a,) = 0,3437¢? V(ay,) = 0,518007

V(a,) = 0,284002 V(@) = 0,678902% V(a,,) = 0,632607
By taking the square roots of these expressions, we have the standard deviation of each of the

coefficients:
o(dy) = £0,72780, o(a,) = £0.58630, o(a,,) = £0.71970,
o(d,;) = £0,53290, o(a,,) = £0.82400, o(d,,) = £0,79540,
If the error of the residuals is 10% then o, = 0.1 and:
o(dy) = £0,07278 o(a,) = +0.05863 o (d;,) = £0.07197
o(a,) = £0,05329 o0(d,,) = £0.08240 o(d,,) = £0,07954
The standard deviations of the coefficients can be added to the mathematical model:
y = 19.65 — 9.83x; — 0.30x, + 0.31x;x, + 2.5x;% — 0.31x,2
The model's multiple correlation coefficient is R? = 0.9991. It is close to 1. The model

therefore has good forecasting quality.
4.5. Graphical representations, analysis and prediction of the behavior of the PV

panel
Analyzes and interpretations of the results were carried out using Hide software [10].

4.5.1. Histograms
i el ax

Histogram for Prac Histogram for Va Histogram for [ic

d¥

418 alt 2503 120469

u:/’ a7 | aa ’q ------- A B A fa i 4

2
g

i

A4l _|_|
a1 942 o 0603 a1078

Fig. 13. Histograms.

This representation shows us that the illumination influences more than the temperature on
the three parameters P, V,. and I, The interactions between illumination and temperature

are all negligible. However, the influence of temperature on V,, must be taken into account.
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4.5.2. Sectorial representation

 Coeffic Cosfficiort  Coeffisient
for P HX : for Ve Hx : forl Hx
WalTii5% Wal 082% WalT84%
Wal-11889% Wa231%% Wat1216%
Dat-2234% Dat21135% Oa2-20%
Wa2223% Wal1105% Wal20%
Daz23% [a2-26.16% Ja20%

This representation shows the influence of illumination and

parameters P, V., and I.

4.5.3. Surface responses

Maximum power Praax (V. A)

Response suface for Pmax

Source-Distance (csv)

Fig. 14. Sectors.

Response surface for Voo

Source-Distance (cs1)

Fig.15. Response surfaces.
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The plot of the response surfaces makes it possible to visualize the optimum of each of the

parameters P, ., V, and [,.

4.5.4. Contour lines
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Fig. 16. Contour lines.
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These figures show the rate of variation of P, V,.and I, as a function of illumination and
temperature. We note that P, and I, vary very little with temperature, although we must
take into account the influence of temperature on V,. The contour lines make it possible to
find the optimal conditions in the experimental field.
4.5.5. Iso-responses plotted on the same graph
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Fig. 17. Predict of experimental conditions.

Here the parameters of trial 6 are marked with a cross. By moving the mouse inside the
experimental domain we can predict the values of P,,,, V,. and I, at any point.
5. Conclusion, advantages, complementarities and perspectives
We have shown in this article that the physicist, for the study of a system is interested in the
internal structure of the latter. To study a photovoltaic panel, he begins by representing the
system using an equivalent electrical diagram, on which he applies the laws of physics to finally
derive a mathematical model. The latter has transcendent functions such as exponentials. The
parameters that appear in this model usually have a physical meaning.
The statistician's approach totally ignores the internal structure of the system and he is only
interested in the inputs and outputs. The model used is always polynomial, a simple tool. The
latter's coefficients on the other hand have no physical significance but they provide
information on the properties of the general behavior of the system.
We propose to call the method Physicsmetrics referring to the science which uses mathematics,
statistics, applied mathematics and algorithms on physic’s disciplines.
5.1. Benefits of the physicist's approach
The biggest advantage is that the parameters in the model often have a physical meaning:
[, gives the direct measurement of the current delivered by the solar cell.
o A measure the quality of the panel varying between 1 and 3.
e The fill factor FF is a second way to measure panel quality. The closer it is to 1, the
greater the power delivered by the panel.
e The physical approach makes it possible to use several methods of determining the
parameters of the model: graphical, analytical, iterative and numerical.
o the analytical and adjustment methods on the characteristic curve give comparable values
of the parameters of the characteristic I-V.
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5.2. Advantages of polynomial representation and the design of experiments
method
o [t is possible to use other mathematical functions. However, usage shows that polynomials
solve most problems and they are the ones that are favored by experimenters.
e The polynomial representation of the model, in addition to its simplicity, allows:
e Apply all the results of matrix algebra due to the linearity of the model with respect to the
coefficients.
e To study qualitatively and quantitatively the influence of each factor on the response.
e Establish a hierarchy of this influence (Histograms).
e To qualitatively and quantitatively study second-order interactions.
These four advantages would not have been possible if the expression of the model included
transcendent functions such as logarithms and exponentials (disadvantage of the physicist's
model).
The main advantage of the design of experiments method is to be able to bring together in a
single relationship all the information that can be provided by each factor separately or jointly.
This is how with the model, once established, we can (See Fig. 13-17):
e Draw the histogram of the coefficients and give a representation in sectoral form of the
influence of factors and interactions.
e Calculate the linear correlation coefficients between factors and between factors and
response.
e Plot the variations in the response as a function of one parameter while holding the others
at constant values.
e Draw the response surfaces and level lines.
e Calculate the value of the response at a point in the study area and plot the prediction error
function. The latter makes it possible to control the quality of the prediction of the design of
experiments.
e Perform an optimization, ie find the levels of the factors giving the optimal value of the
response, before the possible performance of a confirmatory test.
e [ncorporate the model into a data acquisition program. One can imagine adapting an
acquisition system (lighting and temperature) to the panel. The maximum power delivered in
real time will be compared with that given by the model. Any deviation between the two
values is a signal of the existence of accidental shading or a malfunction of the panel.
e The use of reduced centered coordinates makes it possible to free oneself from units and
therefore to generalize the design of experiments method.
e Carry out the minimum number of experiences in order to have the maximum amount of
information in a hierarchical manner.
And the greatest advantage of the design of experiments method is that it can experimentally
confirm theoretical results obtained by physicists because this method studies the system as a
whole, ignoring its internal structure.
5.3. Perspectives
The subject continues to generate more research work, the following axes are recommended to
continue this effort:
V,. and I,.
e Carry out for all the tests the Newton-Raphson method for the calculation of the five

e Study with the experimental designs the other parameters other than P,

mazr

parameters I,, I, A R, and R,. Then compare with the Hide software.
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o Use the experimental designs for the case of a shaded panel.

o Carry out an experimental design to find the ideal doping of a percentage junction.
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