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ABSTRACT. In the present paper, we characterize constant mean curvature and
scalar curvature null hypersurfaces of R?*!. Locally, such hypersurfaces are a
product of a null curve and generalized cylinders.

1. INTRODUCTION

Null geometry of submanifolds of a semi-Riemannian manifold is among the
most important topics of differential geometry. This is due to their various appli-
cations in other related fields of study. For instance, null hypersurfaces appears
in general relativity as models of different types of black hole horizons [4, 5, 11].
They also appear frequently in the theory of electromagnetism [4]. The study of
non-degenerate submanifolds of semi-Riemannian manifolds has many similarities
with the Riemannian submanifolds. However, this is not the case with null geome-
try. The main cause of such disparities is the degeneracy of the induced metric on
the submanifold. Consequently, the study becomes more difficult and is strikingly
different from the study of nondegenerate submanifolds. Some of the pioneering
work on null geometry is due to Duggal-Bejancu [4], Duggal- Sahin [5] and Ku-
peli [13]. Such work motivated many other researchers to invest in the study of
null submanifolds, for example [1, 2, 3, 7, 8, 9, 10, 12] and many more references
therein.

In the books [4], [5] and [6], the authors have extensively studied the geometry
of screen integrable null hypersufaces. Among such hypersurfaces are the screen
conformal ones. More precisely, these are null hypersyrfaces whose local screen
second fundamental forms are proportional (up to a nonvanishing function) to their
local second fundamental forms. Equivalently, these are null hypersurfaces whose
shape operators are proportional to those of their corresponding screen distribu-
tions. They have showed that all screen integrable null hypersurfaces of space
forms are locally isometric to C¢ x M’, where C¢ is a null curve and M’ is a leaf
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of its screen distribution. In particular, it has been shown that a null cone and a
Monge null hypersurfaces exhibit the above structure (see [4, 6]). In the present
paper, we use the ideas in [10] to extend their work by giving the details on the
leaves M'. To that end, we prove the following result.

Theorem 1.1. Let (M, g) be an (n + 1)-dimensional screen conformal null hyper-
surface of R’f” : n > 2, with a nonzero constant null mean curvature H1 and
constant scalar curvature r; along its screen distribution S(TM). If H1Hs > 0

2942
and 0 < rp < Wl;[l, then M is isoparametric and locally isometric to

Ce x S (1) x R™™ or C¢ x S (rg) x R"™2

2 _ 1 2 __ 2 .
where 11 = 552 T and 5 = T Here, C¢ is a null curve tangent to the
normal bundle of M and Hs3 is the 3rd order mean curvature of M with respect to

the screen shape operator, and 1) is the screen conformality factor.

The rest of the paper is arranged as follows; In Section 2, we give the basic
notions null geometry needed for this paper and in Section 3 we prove the main
Theorem 1.1.

2. PRELIMINARIES

Let (M,g) be a (n + 2)-dimensional Lorentzian manifold with index ¢ €
{1,...,n + 1} and let M be a hypersurface of M. Let g be the induced tensor
field by g on M. Then, M is called a null hypersurface of M if g is of con-
stant rank n [4]. Consider the vector bundle 7'M~ whose fibers are defined as
.M+ ={Y, € T,M : §,(X.,Yy) =0, VX, € T,M}, for any z € M.
Hence, a hypersurface M of M is null if and only if TM ' is a distribution of rank
1 on M. Let M be anull hypersurface, we consider the complementary distribution
S(TM) to TM=* in TM, which is called a screen distribution. Tt is well-known
that S(T'M) is non-degenerate (see [4]). Thus, TM = S(TM) L TM*.

As S(TM) is non-degenerate with respect to g, we have TM = S(TM) L
S(TM)*, where S(TM)* is the complementary vector bundle to S(T'M) in
TM)|y;. Let (M, g) be a null hypersurface of (M,g) . Then, there exists a unique
vector bundle tr(T'M), called the null transversal bundle [4] of M with respect
to S(T'M), of rank 1 over M such that for any non-zero section £ of TM~ on a
coordinate neighborhood U/ C M, there exists a unique section N of ¢tr(T'M) on U
satisfying g(E, N) = 1, g(N,N) = g(N, Z) = 0, for any section Z of S(T'M).
Consequently, we have the following decomposition of 7M.

TM|y = S(TM) L{TM* @ tr(TM)} =TM @ tr(TM).
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Throughout this paper, I'(E) will denote the F (M )-module of differentiable sec-
tions of a vector bundle . Let V and V* denote the induced connections on M
and S(T'M), respectively, and P be the projection of 7'M onto S(T'M), then the
local Gauss-Weingarten equations of M and S(T'M) are the following [4].

VxY =VxY +h(X,Y)=VxY + B(X,Y)N, .1)
VxN = -AyX + VKN = —AxX + 7(X)N, (2.2)
VxPY = V%PY + h*(X,PY) = V5 PY + C(X, PY)¢, (2.3)
Vxé=—AX + V= —AX —7(X)§, A =0, (2.4)

forall X, Y € [(TM), ¢ € T(TM*) and N € I'(tr(TM)), where V is the Levi-
Civita connection on M. In the above setting, B is the local second fundamental
form of M and C'is the local second fundamental form on S(T'M). Ay and A7
are the shape operators on 7'M and S(T' M) respectively, while 7 is a 1-form on
T M. The above shape operators are related to their local fundamental forms by
g(ALX)Y)=B(X)Y), ¢g(ANX,PY)=C(X,PY),forany X,Y € I'(TM).
Moreover, g(AjL X, N) = 0, and g(AnX,N) = 0, for all X € I'(T'M). From
these relations, we notice that A}, and Ay are both screen-valued operators. Let
¥ = g(N, ) be a 1-form metrically equivalent to N defined on M. Take n = i*0
to be its restriction on M, where i : M — M is the inclusion map. Then it is easy
to show that

(Vxg)(Y, 2) = B(X,Y)n(2) + B(X, Z)n(Y),

forall X,Y,Z € I'(T'M). Consequently, V is generally not a metric connection
with respect to g. However, the induced connection V* on S(T'M) is a metric
connection.

Denote by R, R and R* the curvature tensors of the connection V on M, and
the induced linear connections V and V* on M and S(T'M), respectively. Using
the Gauss-Weingarten formulae, we obtain the following Gauss-Codazzi equations
for M and S(TM) (see details in [4, 5]).

3(R(X,Y)Z,PW) =g(R(X,Y)Z, PW)
+B(X,Z)C(Y,PW) — B(Y, Z)C(X, PW), (2.5)
g(R(X,Y)PZ,PW) =g(R*(X,Y)PZ, PW)
+C(X,PZ)B(Y,PW) — C(Y,PZ)B(X,PW), (2.6)
forall X,Y,Z ¢ T(TM), & € T(TM*)and N € T'(tr(TM)).

A null hypersurface (M, g) of a semi-Riemannian manifold (M,g) is called
screen conformal [4, p. 51] if there exist a non-vanishing smooth function v on
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a neighborhood U in M such that Ay = A%, or equivalently, C(X, PY) =
YB(X,Y), forall X,Y € I'(TM). We say that M is screen homothetic if 1) is
a constant function on M. The screen distribution on a screen conformal null hy
persurface (M, g), of a semi-Riemannian manifold M, is integrable. Moreover,
the following remark holds in general for screen integrable null hypersurfaces.

Remark 2.1 ([6]). Just as in the well-known case of locally product Riemannian
or semi-Riemannian manifolds, if S(7'M ) is integrable then M is locally a product
manifold C¢ x M’ where C¢ is a null curve tangent to 7'M L and M’ is a leaf of
S(TM).

Example 2.2. The null cone and null Monge hypersurfaces of R?H are screen
conformal, and with the structure in Remark 2.1, see [6] for details.

Throughout this paper, we use the following range of indices;
1<a,8,7,...<n, 0<4,4,k,...<n.

Next, suppose that (M, g) is a screen conformal null hypersurface of R’f”. Let
{Za}a=1 be an orthonormal principal basis of S(T°M), which diagonalizes A7 at
x € M. Suppose that A, : 1 < «a < n are the corresponding principal curvatures.

Then the sectional curvature x(Z,, Zg) of a plane spanned by Z, and Zg is
obtained from (2.5) and (2.6) as;

H(ZO” Zﬂ) = B(ZB, Zﬁ)C(Zo” Za) + B(Za, Za)C(ZB, Zﬂ)
— O(Za, Z8)B(Z5, Za) — B(Za, 25)C(Z3, Zo)
= 2PAa s, 2.7)

in which we have used the fact that R = 0. We denote by \Az |? the squared norm
of Af with respect to S(7'M). Notice that this is also the trace of the square of Af.
A screen conformal null hypersurface of a semi-Riemannian manifolds of constant
curvature admits a symmetric Ricci tensor [S]. By a direct calculation, using (2.5),
the scalar curvature r; of M is given by

rar = p(n*H3 — |AL)2). (2.8)

The shape operator AE is symmetric on M, and therefore diagonalizable with
n real-valued principal curvatures Ai,..., A\, with respect to the principal vec-
tor fields Z1,...,Z, tangent to S(TM). For 0 < k < n, let S, denote the
r-th elementary symmetric function on the principal curvatures A1, ..., A,; this
way, one gets n smooth functions S, : M — R, such that det(t] — A7) =
S o(=1)*Sk "~k where Sy = 1 by definition and [ is the identity on S(T'M).
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One immediately sees that S, = o,(A1,...,A\n), where o, = R[A1,..., \,], is
the r-th elementary symmetric polynomial on the indeterminates Ap, ..., \,. For
1 < r < n, one defines the r-th mean curvature 4, of M by

<n>%r: 7':0-7’()\17"'7)\71)'

r

Sometimes, S, instead of . is referred to as the r-th mean curvature. In that
regard, we will adopt the latter for mean curvature in this paper.

Next, the r-th Newton transformation T, for 0 < r < n, on S(T'M) is defined
by setting Ty = I and, for 1 < r < n, by the recurrence relation

T, = 8,1 — Af o Ty_y. 2.9)

By Caylay-Hamiliton theorem 7}, = 0. Since 7, is a polynomial in Az for every
r, it is also self-adjoint and commutes with Az. Therefore, the basis {Z,}!_,
diagonalizes T).. Let tr(-) denote the trace with respect to S(T'M). Then, the
Newton transformation 7;. satisfy the following relations (see [?] for details);

tr(Af o Tp) = (r +1)Spp1, tr(AR° 0 T) = S18,1 — (r+2)Spp2.  (2.10)

Next, we define some differential operators on S(7°M ). To that end, we define the
gradient V¥ f, Hessian, Hess® f, and D’ Alambertian A® f of a smooth function f
onU C M with respect to the screen distribution S(7°M) as

Vo f =g (Zaf)Zs, Hess’f = Za(Z5(f)) — (V3,Z5)f
A°f = tr(Hess’ f) = g**(Za(Z5f) — (Vi Xp)f),
where {Z,}7_, is a basis of S(T'M) and tr(-) denotes the trace with respect to
S(TM).
3. PROOF OF MAIN RESULT: THEOREM 1.1

Let {Za}n—, be an othonormal basis of S(7'M) which diagonalizes A; at a
point z € M. Let further (V% Zg)(x) = 0 and C({,Z,) = Oatz € M. We
also assume the 1-form 7 vanishes on S(T'M). Set B,g := B(Xa, Z3), then the
following proposition is fundamental to our main result.

Proposition 3.1. Let (M, g) be a screen integrable null hypersurface of R’f+2.
Then the D’ Alambertian of |A2\§ with respect to S(T M) satisfy

A®|Af|? = 2BogHess® Sy — 2a| A2 + 2|V B2 + 2S1tr(Af” o Ay),

forall1 < o, B < n, where a := tr(AE o An).
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Proof. By the fact R = 0, the Gauss-Codazzi equation (3.1) of null hypersurfaces
given in [4, p. 93] implies

(Vxh)(Y, Z) = (Vyh)(X, Z), 3.1
forall X,Y,Z € I'(TM), where
(Vxh)(Y,Z) = VXY, Z) = h(VxY,Z) = h(Y,Vx Z). (3.2)
As V*ZQ Zz = 0, we have
WV 2,25, Zy) = WV, Zs, Z,) + O(Za Z3)h(E, Z,) = 0,

in which we have considered (2.3) and the fact h(§, X) = 0, forany X € I'(TM).
Thus, (3.1) and (3.2) implies

V% W Za, Zs) = V' W(Zy, Zp). (3.3)
Differentiating (3.3) and applying the definition of curvature, we get
VtZ“th.yh(Zaa Z,B) = VtZMthah(Z’w Z,B)
= VtZathMh(Z’w Zﬁ) - (R(ZCH Z,u)h)(Zﬁa ZW)? (3.4)
where
(R(Za, Zu)h)(Zg, Zy) = Rt(Zon Zu)h(Zg, Zy)
—hWR(Za, Z,)Xp, Zy) — W Zg, R(Za, Z),) Z-), (3.5)
and R! is the curvature tensor of the transversal bundle, given by
R'(X,Y)N = VY Vy N — Vi, VKN — Vix N, (3.6)

forany X,Y € I'(T'M) and N € I'(¢tr(TM)). Then applying (3.4), (3.5) and
(3.6) while considering Vi N = 7(X)N, we get
V%, V% W Za, Zs) = V5 N W(Zs, Z,) + W(R(Za, Z4u) 25, Z-)
+ h(Zﬁv R(Za, ZN)Z’Y)
= V5. V2, Zy, Z) + WR(Za, Z11) 23, Zoy)
+h(Zg, R(Zn, Z,) Z), 3.7

where in the last equality we have used (3.3). Now, using the fact h(X,Y) =
B(X,Y)N,B(X,Y) = g(A;X,Y),forany X,Y € I'(T'M), and the assumption
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7 = 0 on the screen distribution, (3.7) reduces to
Xpu(X5(Bag)) = Xa(Xp(Buy)) + B(R(Xa, X)X, X5)
+ B(X3, R(Xa, X)) X5)
= Xo(X5(Buy)) + 9(Ae Xy, R(Xa, X)) Xp)
+ g(AzXﬁ, R(Xa, X,)X,). (3.8)
Next, as R = 0, from the Gauss-Codazzi relation (2.5), we get
g(R(X,Y)Z,PW)=B(Y,Z)C(X,PW) - B(X,Z)C(Y,PW), 3.9
forany X,Y, Z, W € I'(TM). Applying (3.9) to (3.8), reduces it to
2,(Z,(Bag)) = Za(Z5(Bn)) + BusCl(Za, A Z:)
— BapC(Zy, AZZV) + By C(Za, Azzﬂ)
— BoyC(Zy, AZZB)~ (3.10)

Since we are working locally around a point p € M, then 7([Z,, Zg]) = 0. Putting
this into account, the assumption 7(Z,) = 0, forall 1 < a < n, and R = 0, we
have from the Gauss-Codazzi equation (3.12) of [4, p. 95] that

C(Za, AiZy) = C(Zy, Ag Za,). (3.11)
Finally, placing (3.11) in (3.10) and taking trace with respect to x and -y, we obtain
A®Bag = Hess®S1 — tr(Ag o An)Bog + SC(Za, A Zp). (3.12)

Considering g®*(x) = .4, we have ]Ag@ = g*'¢"P By Byg = BagBags. Using
this relation and (3.12), we have

A®|ALZ = 2BogA°Bog + 2|V° B
= 2BqgHess"S1 — 2a| Af|? + 2|V°B|? + 251tr° (A o An),
where a := tr(Af o Ay), which completes the proof. O

3.1. Proof of Theorem 1.1. Setting » = 2 in the second relation of (3.12) and
considering (2.9), we have

tr(Ag”) = S1]Az|2 — nH1S2 + 3. (3.13)

On the other hand, setting 7 = 0 in the second relation of (3.12), we get ]AZ@ =
n?H? — 2S5. Considering this last relation in (3.13), we get

2tr(Af%) = nH1(3| A2 — n*HT) + 6Ss. (3.14)
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As H; and 7 are constants along S(7T'M ) and M is screen homothetic, it follows
from (2.8) that [ A7 |2 is constant too along S(T'M). By the assumptions H1H3 > 0

27942
and 0 < ry; < % we deduce from Proposition 3.1 and (3.14) that

1ol i 1., a BnPHZ Lo niHE
s AT = 1198 - (gt - 2R 4 ) s,
1 . N n’H?
= ENSB@ — (|42 — n*H3) (yAg\g - 1) +3nH1S3,
I R OV & 5 n?(n—1)(n —2)
- w’v B‘s + wg ( 2 M|+ 9 7‘[17‘[3
1
> a|VSB|§. (3.15)

Notice that the left hand side of (3.15) vanishes. Since the assumption 0 < rp; <
27942
U AL also implies that 0 < 214, < 4, (3.15) gives [V*B|2 = 0. As S(T'M) is

n2H?2
Riemannian, this implies that V¥ B = 0. Consequently, M is isoparametric in the

language of [10]. Furthermore, r); = 0 or rpy = % and by [10], the leaves of

S(TM) are isometric to S"(r) x R™"=™, for some positive . Notice, from (2.8)

and (2.7), that the case rj; corresponds to m = 1 and r2 = r% = W
1

therefore, we have the structure S* (1) x R"~! for the leaves of S(T'M). Using a

27942
. ey ) ,
similar argument on r); = WQ L, we obtain the structure S? (r9) x R™~2, where
2 _ .2 2

TY=Ty = o Hence, our result follows from Remark 2.1.
1

and
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