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Abstract

We present mathematical detail pertaining to the theory of soft-margin support
vector classifiers, designated C-SVC, as used in scikit-learn. We discuss the
character of C-SVC, particularly with regard to the penalty term. We construct the
primal problem and, thereafter, derive the dual problem. We introduce the notion of
nonlinear classifiers and describe the so-called kernel trick. Additionally, we show
how the primal problem can be derived from the dual problem. The paper is the
second in a series and is intended to be educational in nature.

1 Introduction

The support vector classifier (SVC) library in scikit-learn is used
for classification of labelled data. In this paper, the second in a
series, we will describe the underlying mathematics of the soft-
margin classifier C-SVC, the principal SVC in scikit-learn. We
will make use of notation, terminology, and concepts from our
previous paper [1], and the reader is advised to become familiar

with that work before continuing here.
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2 Soft-margin classifiers

Previously, we concerned ourselves only with hard-margin classifiers,
in which the obtained margin does not contain any data points [1]. At
most, the data points might lie on the edges of the margin, as in the
previous examples, but not within the margin. A dataset that permits

a hard margin to be found is said to be a linearly separable dataset,

or simply separable.

Unfortunately, in real-world problems, datasets are usually not
linearly separable. To find a practical separating margin, we need to
allow the possibility that some data points might need to lie within
the margin. Such a classifier is termed a soft-margin classifier.
Soft classifiers are more generally applicable than hard classifiers,
and it should come as no surprise that all of the classifiers in the

scikit-learn SVC library are soft classifiers.

To develop an intuition for soft margin classifiers, consider Figure 1
on the next page. There are seven data points — three yellow, four red.
The red points are all meant to be in the green area, and the yellow
points are meant to be in the blue area. The central straight line is the
decision surface, and the other two straight lines indicate the edges of
the margin. The margin itself is the union of the light green and light

blue areas.

All the red points are correctly classified since they are all in the
green area. Two of them are located on the margin edge. We will refer
to such points as hard vectors. One of them is located inside the

margin (the light green area), and we will refer to such a point as a
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soft vector. Also, one red point is clearly located outside the margin.

Figure 1:C = 10. Green and blue lines denote margin edges.
Central pink line is the decision surface. Other
relevant information is also shown.

One of the yellow points is a hard vector, and two are soft vectors.
One of these soft vectors is incorrectly classified because it lies in the

green area (i.e., on the wrong side of the decision surface).

In this calculation, we find that «, for all the hard and soft vectors is




nonzero. Hence, they are all support vectors. Only the red point at
(0,0.5) has o, =0 and so is not a support vector. Each of the soft
vectors has an associated parameter (; > 0. This parameter measures

the distance of the soft vector from its respective margin edge. For
the red vectors, this is the green line to the left of the decision
surface; for the yellow vectors, it is the blue line to the right of the

decision surface. Hard vectors, and all data points that are not

support vectors, have ¢; =0.

The parameters {; are incorporated into the optimization problem by

modifying the primal objective function F in the following way:

Py (w.€) =

+CZC

The second term on the right is often called a penalty term. Both
terms in this expression are nonnegative, and the process of
minimizing this objective function essentially means that both terms
must be kept simultaneously as small as possible. If the first term is
made too small, then the margin will be very wide. This means that
there will likely be many soft vectors, probably leading to the penalty
term being large, particularly if the penalty parameter C is large. So,
the scikit-learn optimization algorithm will try to avoid making
the first term too small. On the other hand, if the penalty term is
made very small there will be few, if any, soft vectors, implying a very

narrow margin. But a narrow margin corresponds to a large value of

, meaning that the first term could be too large. The optimization
algorithm attempts to find the best balance between these extremes.
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The penalty parameter C affects the width of the margin in an inverse
manner. If C is large, the algorithm will attempt to keep the ¢, small

or zero. This means fewer soft vectors, implying that the margin is
probably narrow. On the other hand, if C is small, larger values of {;
could be tolerated, suggesting the possibility of a wider margin.

In Figure 1, a value of C =10 was used. In Figure 2, we use the same
dataset, but with C =1000. Clearly, a different decision surface has

been found, and the margin is considerably narrower than before.

There are three hard vectors and no soft vectors at all. The three hard

vectors have nonzero o, and so are support vectors. All the other data

points have o, =0.

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: C = 1000. No soft vectors.
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A classifier with the objective function F  given above is often

referred to as C-SVC. We will discuss the primal and dual problems
for C-SVC in the next section.

3 C-SVC: Primal and dual problems

Using the expression for F_ (w,() given previously, we may state the

primal problem for C-SVC:

Given the training set {(xt., yf)}Nl, and C >0, find the values of

i=

w, b and {, such that

is minimized, and the constraints

y,(w-x,+b)21-(, (20

(] i

are satisfied, for i=1,2,...,N.

The 1-; in the constraints reflects the softness of the classifier; we
require that v, (W-Xi +b) only be larger than a quantity that is

possibly less than one, rather than one itself. These are less stringent

constraints than for a hard classifier. Also note that there are now

additional constraints on the problem, in the form ¢, >0.
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To derive the dual problem, we write the Lagrangian as

L(w,b,{,a,u) ——+CZC Za[y, (WX, +b)-1+ |- zﬂ,

where the g are KKT multipliers corresponding to the constraints

¢; 2 0. The stationarity conditions give

aL N N
—=0 :>W—Z:05iyi =0 :>W=Z:0ciyixi
ow =) =)
a—L—O :iay—
ob = iJi
%zC—ai—ui:O:ai+ui=C:aiSC

where the last inequality is inferred from the fact that g >0.

Some algebraic manipulation of the Lagrangian now gives

N

Wew N N N N N
L(w,b,{,a) —T, X &YW - X _bzaiyi +Zai +CZCi _Zaici _Z:uici
N N

:%_ o, VW - X bZay,+Za ZC a—,ul
i=1 i=1

N N
and, with > a,yw-x, =D o 3,X, -W =w-w, we find

N

. N .
L(W,b,a)zg—w-w—0+2ai +O:—W2W+Zoci

i=1 i=1

1( & N N
= _E(Zaiyixi ] . LZ“]YJXJ' ] + Zai
i=1 j=1 i=1
N

= _EZN:ZaianiJ’in "X +ZN:ai
=)

23 j=1

so that




F, (a)=—L(w,b,a)

lNN N

= Ezzaiajyiiji "X _Zai

i=1 j=1 i=1

is the dual objective function.

The dual problem may now be stated:

N
i=

Given the training set {(x,., y[)} ,and C >0, find the values of
{%}i] such that

1 N N N
F, (a) = Ezllz;aiajyiiji ‘X, - Z]:al.
i=l j= i=

is minimized, and the constraints

0<a <C fori=12,....N
N

zaiyi =0

i=1

are satisfied.

The only difference between this formulation and that of the hard-
margin classifier is the upper bound of C in the inequality

constraints.

As with the hard-margin SVC, we have W:ZZ YioX; , but the

1772

calculation of b is more complicated. To facilitate our analysis, we
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must make an important observation. The complementarity

conditions for the soft classifier are

| v (W-X +b)=1+¢; |=0
& =0

: : ... oL :
and the stationarity condition — =0 gives

a;, + = C.
Consider data points with 0 <, < C. Using the above conditions, we
reason as follows: since a, is nonzero, we must have
yi (W-x; +b)—-1+(, =0. Since @; <C, we must have that g #0,
which implies that {; =0. This, in turn, gives y,(w-x; +b)-1=0.

This provides an expression for b, similar to the hard-margin case.
For numerical stability, we take the average value over all support

vectors with O<a, <C

b= (v —W-xi):NiZLyi _iyjajxj -xij

® X;€0 ® X0
where © is the set of all support vectors with 0 <, <C, and N, is

the cardinality of ©.
But what if ® is empty? What if each data point has either o, =0 or
a, = C? First, we consider the case o, =0. The primal constraints give

yi(W-x;+b)-1+{; >0 and this does mnot violate the

complementarity conditions, even if o, =0. So, we have




yi(wW-x; +b)-1+¢, >0

= y;(w-x;+b)>1-¢,

_ (W-x, +b>y, - ¢ (v =+1)
<
(WX +b<+y (Vi =-1)
b>y —w-x —¢ (yi=+1
=N
\bSYi_W'Xi‘F(i (yi:_l)

When a; = C we have, by virtue of the complementarity conditions,

yi (W-x; +b)-1+¢ =0

Jb:_W'Xi+yi_Ci (yi:+1)
-

b=-w-X+y,+( (v =-1)
(b=-y,+w-x +{ (3 =+1)
L b=y -w-X + ¢ (vi=-1)
J—bZ—yi+w-xi (y, =+1)
L b=y, -w-X (Yi:_l)
(b<y -w-x (y,=+1)
\bZYi_W'Xi (yi:_]‘)

—

—

}since .20

The inequalities highlighted in red and blue are properties of b —

whatever the value of b, it must satisfy those inequalities.
Now, define two sets
A ={y;-w-x]y,=+land ¢, =0} U {3 -w-x |y, =—1and o =C]}
A, ={y,-w-x ]y, =-land o, =0} U {y,—w-x;|y; =+1land ¢, =C}
and then choose

_ max A +minA,
5 :

b
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This choice of b ensures that

max A <b<minA,
and, since (; >0, this means that b satisfies the red and blue
inequalities highlighted above.

This is the prescription used in the scikit-learn library, although

we acknowledge that, if max A #min A,, then there are actually

infinitely many possible choices of b in the interval [max A ,min A, ] :

Throughout this discussion we have assumed that the parameter C is
single-valued. This is the default assumption in the scikit-learn
algorithms, which require that C be user-specified. However, a more

specialized approach to C-SVC is possible. We can replace C with C,

so that Fp becomes

N

F(w)= W;’" + ;cig.

In other words, a penalty parameter C, is specified for each data
point (this is known as sample weighting). Very often, this is done in
such a way that elements of S_ each have the same penalty
parameter, and elements of S, each have the same penalty

parameter, but such that these two penalty parameters themselves
have different values. This results in each class having a different

penalty parameter and is known as class weighting.

Whatever approach is taken, the net result is that the stationarity

condition becomes

11
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so that each o, now has its own upper bound. This has ramifications

for the decision surface, but such a discussion is outside the scope of

this paper.

4 Nonlinear SVCs

Up to now, we have considered only linearly separable datasets.
Strictly speaking, a linearly separable dataset is one for which a hard-
margin solution can be found, by solving either the primal or dual
problems that we have encountered thus far. If a hard-margin
solution is not possible, but an acceptable soft-margin solution can be
found, then we would probably still be willing to regard the dataset as

linearly separable, in a pragmatic sense.

But consider the following case: assume the unit square is populated

with N data points. Draw a circle of radius 0.2 in the centre of the

square. Define S_ to be the set of all points inside the circle, and S,
to be all the other points. Clearly, the two sets of points are separated
by a circle, not a straight line and, since the points in S_ are
surrounded by the points in S, , any soft margin solution would likely

be a very poor solution indeed. In such a case, many of the points
from both sets would be misclassified, and the resulting classifier

would be of very low quality.
The approach to solving this problem is to map the input space (the

12




unit square, in this case) to a feature space, such that the dataset is
separable in the feature space. Considering our example above, we
see that the points in S_ satisfy

(% —0.5)" +(x, —0.5)" <0.2? =0.04.

Now define

These maps allow the separating curve (the circle) to be written as

o +9,=004 = ¢, =—¢, +0.04
which, of course, is a straight line in the (¢,,¢,) space. The map ¢
transforms a vector X= (Xl, X,) in the input space to a vector

q)(x) = (gal (x) 0, (x)) in the feature space.

The original data still resides in the input space, where it is not
linearly separable. The transformed data in the feature space,

however, is separable, and this is what we seek to exploit.

To now construct an SVC in this scenario, we simply solve the

optimization problem (primal or dual) in the feature space, using

(p(xi)-(p(xj) in place of X; - X;.

13




The primal problem for C-SVC can now be stated as follows:

Given the training set {(X,., y!.)}Nl, and C > 0, find the values of

i=

w, b and ¢ such that

is minimized, and the constraints

vi(weo(x,)+b)21-C, 20

are satisfied, for i=1,2,...,N.

The function K (Xi,Xj ) = (p(xi ) : (p(xj ), which will appear in the dual

problem (see p17), is known as the inner-product kernel. If

(P(Xi):(%(xi)’(”z (Xi)""’¢ﬁ(xi))

then

—kZ:l:§0k(X|) ¢k(xj):kZ:1:¢k(Xj) Py (Xu)
=K(xj,x,)

which shows that the kernel is symmetric in its arguments. We note

14




here that the dimensionality // of the feature space does not need to

be the same as the dimensionality M of the input space.

The vector X denotes a generic vector in the input space; hence, the

vector (p(x) is the corresponding generic vector in the feature space.

When we solve the dual problem stated above, we have the expansion

W = g‘, yiai(P(Xi )

so that

= iNzlyiai(P(Xi ) '(P(X) = iyiaiK(Xi ’X)'

i=1

The decision surface in the feature space is thus given by
w-@(x)+b=0
N
= > Vo K(X,X)+b=0

where W in this context is a //-dimensional vector in the

feature space.

We also find

15




and

wi= \/iZN: VYo, K (%, %)

i=L j=1
and, if Z is a test point in the input space, then

ZN:yiaiK(xi,z)+b ZN:yiaiK(xi,z)+b
W,b) _ =l _ i=1

Wi _ \/ZN& VY0 K (%X )

i=1 j=1

A(e(2)

is the signed distance between (p(z) and the decision surface in the

feature space. We also modify the expressions for the intercept b, as

n

i NZ(V Zy,aK(xj,xi)]

where © is the set of all support vectors with 0 <, <C, and N, is

the cardinality of ®, or we define the sets

A= (¥ —w-o(x)ly, =+land o =0} U {y -w-@(x)[y =-land = Cj
A ={yi—w-o(x;)ly,=—land o, =0} U {3, —w-@(x;)|y, =+land o = C}

and then choose
max A +min A,
5 .

b:

We note again that w-¢(x ZyJan’( ) xi):iyjajK(xj,xi).

=1
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The most significant aspect of this nonlinear transformation is

revealed in the restatement of the dual problem

Given the training set {(xi,yi)}Nl, and C >0, find the values of

{a, }il such that

N

iZaiajyl.yjK(xi,xj)— iai

=l j=1 i=l1

Fd(a):

N | =

is minimized, and the constraints

0<a <C fori=12,.,N
N
Zaiyi =0
i=1
are satisfied.

We see that the kernel K(Xi,X j) replaces the scalar product

(p(xi)-(p(xj), so that the map ¢ does not need to be known

explicitly. Also, we only need the kernel for computing W-¢ and b, as

well. This capability of a nonlinear SVC to replace knowledge of the

map ¢ simply with an appropriate scalar function is known as the

‘kernel trick’.

In order for a scalar function to serve as a kernel, it is necessary and
sufficient that the so-called Gram matrix K, whose elements are
given by K(xi,x j), should be positive semidefinite for all possible

combinations of X; and X; drawn from the dataset S US,.
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A positive semidefinite matrix is a Hermitian matrix, of which all
eigenvalues are nonnegative. A Hermitian matrix is a square matrix

that is equal to its own conjugate transpose. We know the kernel is
symmetric in its arguments, i.e., K (Xi X ) =K (Xj X ) If the kernel is

also real-valued, then K is necessarily Hermitian.

Examples of nonlinear kernels include the popular radial basis

function (RBF) kernel
K (%%, ) =exp(=ofx, =, ),
the polynomial kernel
K (x%,) = (r{x.x; )+ 7).,
and the sigmoid kernel
K (%, x; ) = tanh (p(x,.x; ) +7),

where () is an inner product, and |||| is a norm (usually taken as the

scalar product and Euclidean distance, respectively). The parameters

y, I and d, known as hyperparameters, are user-specified.

Lastly, we note that a linear SVC is simply a nonlinear SVC with

Unsurprisingly, this kernel is known as the linear kernel.
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5 Deriving the primal from the dual

We derive the primal problem from the dual problem for C-SVC,

using the nonlinear formulation.

C-SVC

In the C-SVC dual problem, the only additional aspect is the upper
bound

o <C.

This is incorporated into the Lagrangian by means of the term

—ZN:Ci (C—a)= _CZN:Ci + ZN:Ciai

where the {; >0 are KKT multipliers. The derivative of this term with

respect to o, gives the term ¢;, and so we find

N
Yi Zajyj(p(xj ) ' (P(Xi ) =1-by, -G + 1
j=L
=y, (W-o(x,)+b)21-¢
which are the familiar primal conditions for C-SVC.

Including the additional term in the Lagrangian gives the following

expression

1NN N N N
L(ab,u,() = 2220‘ iVivi (Xi’xj)_zai+bzyi i_Z:uiai
i1 i i1

i=l j=1
N N

-CY i+ Gy

i=1 i=1
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1N N N
_EZ—;‘;(X iViYi (Xi7xj)_C§Ci
_Zai (1_bJ’i — ¢ +ﬂi)

%Za Wy (Xi,xj)—CiZNl:(i

2 i=1 j=1
N N
—ZaiinajyjK(xj,xi)
i=1 j=1
1 N N N
:—EZZOC ViV (Xi,Xj)—CZ(i.
i=l j=1 i=1

This leads to

N

F, (W'C) - —L(a,() = Wéw + Czéi

as expected for C-SVC. To cater for weighted C-SVC we simply
replace the term CZE & with Zi ,Ci¢; throughout, to get

N

Fo(W.0)=—L(a() :W_;’VJrZCiCi_

i=1

6 Concluding comments

We have described the soft-margin classifier C-SVC in detail and
provided insight into the nature of nonlinear SVCs. In the next
paper in this series, we will discuss the soft-margin classifier known

as v-SVC and implemented in scikit-learnas svm.NuSVC .
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