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Asymptotically safe quantum gravity suggests a resolution to the classical spacetime
singularity of Schwarzschild-(A)dS black holes. In particular, this is realizable only
for a vanishing microscopic value of the dimensionless cosmological constant at the
asymptotically safe fixed point. To accommodate a nonzero infrared value of the
cosmological constant, we consider the linearized Renormalization Group flow away
from the fixed point, which is characterized by two critical exponents in the Einstein-
Hilbert truncation. In this study, we show that the realization of a regular de-Sitter
core places a bound on the universal gravitational critical exponents. Accordingly,
our study hints at the possibility of singularity resolution in black holes, as explicit
estimates of the critical exponents in the literature point towards a realization of our
bound.
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Introduction

To unravel the fundamental structure of quantum spacetime, the quest for a consistent quantum
theory of gravity is under way[l] to unify two main ideas that have revolutionized the way we
think about the universe — General relativity (GR) and Quantum field theory (QFT).

GR describes a classical law of gravity that embodies the nature of the gravitational interaction
[2]. The emerging spacetime geometry is no more an ordinary background where classical physics
only live, but a physical and dynamical entity which has its own degrees of freedom. Gravity
is attractive. As such, galaxies and stars are formed and black holes emerge as a consequence
of massive stars collapse. From the precession of the perihelion of Mercury to the most recent
detection of gravitational waves at LIGO, GR remains one of the most tested theories of physics
[3] and its confirmed validity is unchanged over a domain ranging from the very small length
scale regime up to the very large length scales in the standard model of cosmology, making it
very fundamental to the study of our universe as a whole.

Unlike Newtonian gravity, classical gravity in GR is not a force per se in a pre-existing spacetime,
but rather the properties of spacetime structure. The formulation of GR is based on a set of
physical and geometric principles such as spacetime structures, causality, general covariance
and equivalence principles. Spacetime of physical events is modeled as a Lorentzian manifold
M equiped with a pseudo-Riemannian metric g,,,. Based on these elements, GR is encoded in
the following definition:

Definition 0.1. Let (M,g) be a spacetime, T}, be a symmetric covariant 2-tensor, and A
be a real constant. We say (M, g) satisfies the Einstein Field Equation (EFE) with energy
momentum tensor 7}, and cosmological constant A if

1
Guw = Ry — §gWR =87GT — Aguw, (0.0.1)

where G, is the Einstein tensor, R, denotes the Ricci curvature and R the scalar curvature.

The conceptual idea here is that the matter and energy content in the universe determine the
spacetime geometry, while the geometry in turn determines the geodesic path of freely moving
particles. The key features of GR are that

e spacetime — geometry and matter — is dynamical;
e the energy-momentum tensor is covariantly conserved, V,T"" = 0;
e the field equations are second order hyperbolic partial differential equations.

On the other hand, QFT provides a framework of modeling elementary particles [4]. The
modern Feynman’s path integral approach teaches us that a general QFT is defined by the path
integral

Z—/ Dip; e~ wSleiel (0.0.2)
M

iii
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where ¢; represents various fields of interest, e.g metric g, for spin-2 field (graviton), 1-form
A, for spin-1, a Dirac field ¢ for spin—% and a scalar field ¢ for spin-0. S[p;(z);a] is the
classical action and o = (a1, a9, as, ....) represents the coupling space allowed by the underlie
symmetry of the classical action. For example, the basic formalism of GR is captured by the

Einstein-Hilbert action

1
87TG OM

Spr = 1 / d*z\/—g (R —2A) dBxv/—h K, (0.0.3)
167TG M

where the second term on the r.h.s is the Gibbons-Hawking-York boundary term, which features

an induced metric hy on the boundary OM and the trace of the extrinsic curvature K. This

term may become relevant for the consistency of solutions beyond asymptotically flat. The field

equation, following the extremizing (0.0.3) in the presence of matter, gives the Einstein field

equation (0.0.1).

In QFT, the world is quantum, classicality is just a limit 2~ — 0 of it, and fields are nothing, but
part of reality. The emergent particles are excitation of fields, e.g. the graviton emerges as exci-
tation of gravitational field, and quantum operators @Z(l‘) are built from ¢;(z) at each spacetime
points. Solving a QFT is then up to computing the n-points correlation functions

Q| O1(x1)....0n () Q) = ;/mi e 152l O] (21)....0, (zn), (0.0.4)

and perturbation theory is one of such solution formulation. The standard model of particle
physics, modeled as a QFT, has lead to a high precision description of particles that make up
the visible mass of the universe. So far, the SM has withstood many experimental test and its
most recent landmark success is the verification of Higgs mechanism, which provides elementary
particles with their respective mass. An historical account of this can be found in [5].

Einstein gravity features some intrinsic pathologies. In particular, the occurence of singularities
is inevitable and consequently, there is a breakdown in future predictability [6]. Such singularities
typically appear at the initial state of the universe and as generic end state solutions of continual
gravitational collapse [7]. This lead to the Penrose-Hawking singularity theorem [8]. Ever since
the proof of this theorem, many conceptual issues have emerged including several attempts to
understand the final stages of black hole evaporation, where one can no more ignore the interplay
between the singularity and Hawking radiation.

Among few attempts to avoid a conclusion of inevitability of the central singularity within
classical GR is one which demands that the physical spacetime singularity be censored by an
event horizon. The basic aim of Penrose’s cosmic censorship hypothesis is to render the evolution
of the whole spacetime as fully predictive by GR, so that physical singularities won’t have any
influence on observers outside the event horizon[9]. This attempt has been contested in various
ways including an argument based on gravitational collapse models whose generic conclusions
are in favour of formation of both black holes and naked singularities [10].

As nature is expected to be singularity-free, one may still wish to construct a regular black
hole solution without any pronounced deviation away from standard classical physics. Models
of this class seek a premise to implement the limiting curvature hypothesis, which strives to
incorporate a fundamental limiting length, that would be realized in a fundamental gravity
theory, into an effective field theory. Accordingly, they replace black hole singularity with a
nonsingular de-Sitter core, and consequently, this induces the existence of an inner and outer
horizon [11]-[16]. The curious part of this model is that it provide an effective description of
black hole evaporation, allowing for trapped particles to finally make their way to external space
after the evaporation is completed [17]. More recently, some issues about the stability of the
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regular core were raised. In particular, it was shown that the inner horizon, and thus the core
of any model of regular black hole is unstable against perturbation on a finite time scale and
in addition, the evaporation time is infinite in contrast to finite evapration time suggested in
earlier literature analysis [18]. As such it has been suggested that regular black hole models
are not viable. If this claim holds, it would imply what is already expected, that to seek for a
possible resolution to pathologies emanating from classical gravity theories, one would have to
look beyond effective field description.

Obviously, the breakdown of all classical physics in the singularity regime shows that classical
gravity has been pushed beyond the domain of its validity. As such, one is compelled to appeal
to a more consistent quantum gravity theory to capture the fundamental quantum nature of
spacetime. Although it is not guaranteed, however, the working assumption is that, such a
fundamental theory would lead to a possible resolution to black hole singularity or at least
weakens it.

There exist a strong argument supporting the idea that the spacetime gravitational field must be
quantized. Starting with GR alone, the matter and energy contents in the universe determine
the spacetime geometry. These energy contents in the universe are dynamical and as such,
spacetime, which is the domain of these energy contents must be dynamical. Thus, spacetime,
being dynamical, must be quantized according to the dictate of standard quantum field theory.
Accordingly, one ask about the fundamental quantum nature of spacetime. The breakdown of
classical description of gravity suggests that there must be a more fundamental description of
gravity that capture the structure of quantum spacetime. As a consequence, classical geometry
need a replacement since spacetime in small distance regime cannot be described by the same
pseudo-Riemannian metric of the classical spacetime.

How does quantum spacetime emerge? Which conceptual and experimental paradigms underlie
the formulation of viable model of quantum gravity? Minimally, one expect a fundamental theory
to have a structure that all the low-energy phenomena and observables are recovered back in a
very consistent way. For example, a reasonable quantum theory of gravity should recover back
GR in the large distance limit and be consistent with observations of the infrared quantities,
such as particle masses, coupling constants, and observations in astrophysics and cosmology.
However, since there is no direct experimental hint for the moment, the questions about the
fundamental structure of quantum spacetime remains at the heart of diverse approaches to
quantum gravity. This means that there is currently no full discription of quantum behavior of
gravity, and thus, questions about quantum spacetime remain open.

To confront this problem, diverse approaches have emerge. First, the perturbative quantum grav-
ity treats graviton modes around a flat background. The incompleteness of GR as a standard
perturbative QFT is evident in the appearance of the notorious ultraviolet (UV) loop divergen-
cies [19]. These cannot be absorbed into the term already present in the action and therefore
spoils perturbative renormalizability. At the level of quadratic curvature tensor correction to
Einstein-Hilbert action, gravity is renormalizable at all loop orders [20]. However, the appear-
ance of a massive ghost state which may spoil unitarity. As such, a task for perturbative gravity
is in making renormalizability compatible with perturbative unitarity. However, renormaliza-
tion attempts generally require infinitely many higher order curvature tensor as counter-term to
absorb divergences. Thus, the traditional perturbative approach fails to capture the behaviour
of gravity beyond the Planck scale where the singularity of classical gravity lives. This renders
perturbative gravity usable at low energy, where quantum gravity effects can be captured within
an effective field theorey formalism [21]-[24]. In turn, making sense of gravity at high energy
scales would require either a new QFT machine or departure from standard QFT. Instances of
such departures are found in various approaches to quantum gravity [25].
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The failure of perturbative gravity at high energy opened the door to exploring quantum gravity
based on the Wilsonian non-perturbative renormalization group (RG) philosophy. In particular,
there exists a growing collection of evidence that a scale invariant regime of the RG flow could
provide an adequate description of quantum gravity, and thus reveal the fundamental structure
of quantum spacetime. This is Weinberg’s asymptotic safety paradigm [26]. In this framework,
the physics in the deep UV is ruled by the existence of a non-trivial fixed point, while the
infrared limit of the renormalization group trajectory gives the analog classical description.
As a consequence of the non-trivial fixed point, predictivity is highly enhanced, and quantum
observables in this framework are free from possible pathologies at high energies, making it very
interesting for phenomenology. This idea shall be the principal view point of our investigation
of the black hole structure.

The structure of an asymptotically safe Schwarzschild solution has been investigated, with quan-
tum gravity resolves the classical black hole singularity [80]. This investigation was extended to
the Kerr solution in [83]. Unfortunately, the introduction of the cosmological constant spoils the
earlier singularity resolution. Schwarzschild-(A)dS black holes are not asymptotically safe unless
the microscopic cosmological constant at the fixed point vanishes [85]. Here, we will explore a
setting where the fixed point value of the cosmological constant vanishes, but the flow to the
infrared generates a non-zero cosmological constant in accordance with observation at the low
energy. This requires to bare our study not just on the fixed-point properties of the asymptot-
ically safe quantum gravity, but to extend the analysis into the (linearized) regime away from
the fixed point. This regime is characterized by critical exponents, which encode how fast the
flow to the fixed point is. These critical exponents defines a universality class, a concept familiar
from statistical physics.

In the language of statistical physics, we can think of the gravitational fixed point as a critical
phenomenon. As such, there exists a universal gravitational scaling law associated with a phase
transition of gravitational field strength at the criticality. In d = 4, the gravitational critical
exponent has been examined with several approaches ranging from 1-loop perturbative 2 + €
expansion [67] to exact renormalisation group approach [58] and quantum gravity on lattice
[111]. Asymptotically safe black holes provides a way to investigate the existence of a bound on
the universal gravitational critical exponent and our study shall include the investigation of the
possibility of this bound.

The structure of our study is as follows. In chapter 1, we introduce the relevant black hole
concepts needed for our study and discuss why a classical description of gravity in some black
hole regime needs to be replaced by a consistent quantum description of gravity. In chapter
2, we present the proposal of asymptotic safety of quantum gravity and use this proposal in
chapter 3 to highlight implications in black hole physics. For a vanishing microscopic value
of the cosmological constant, the quantum gravity bound for the universal critical exponents
is studied in chapter 4. We conclude our discussion with some outlook in chapter 5. The
realization of a regular core in the RG-improved Schwarzschild solution poses a question as to
whether all asymptotically flat spacetime configurations are asymptotically safe in the sense
that their classical singularity is resolved by RG-improvement. For future study, we studied
some non-trivial flat configurations of the pure R? gravity. This can be found in the Appendix
I. We have not checked whether the ansatzs constructed are just coordinate transformation of
the Schwarzschild. If so, then it is reassuring that our conclusion, namely the absence of the
singularity after RG improvement, persist under this changes.



Chapter 1

Black Holes

Black holes' are among the most interesting objects of physical importance. By now, most
theoretical physicists and astronomers acknowledge that they play fundamental roles in our
understanding of the universe and thus convinced that these objects exist, e.g. in our galaxy.
The first object to be identified as a candidate black hole is the X-ray source Cygnus X-1
[28]. The observed behaviour of Cygnus X-1 is consistent with the general representation of a
galactic black holes. This object is 33 times as massive as our sun. Ever since then, advanced
technology has opened doors to progresses in the study of astrophysical black holes. For instance,
observations suggest the existence of a very massive compact object in the center of our galaxy
whose spatial extensions are too small to be composed of neutron stars or ordinary astrophysical
objects [29]. The central mass of this object is about 4.3 x 10M and it is confined in a
region of radius 4.4 x 10'%m at the center of our Milky way. More recently, another strong
indication of the existence of black holes surfaced at the Laser Interferometer Gravitational-
wave Observatory (LIGO). In September 2015, the first-ever direct observation of gravitational
waves was discovered. Since then, the LIGO Scientific Collaboration and Virgo Collaboration
have confirmed the detection of three gravitational waves from energetic mergers of black hole
pairs [30]. As shown in figure 1.1, the three detections — GW150914, GW151226, GW170104
— and one lower confidence candidate, LVT151012, suggest a population of binary black holes,
whose merger masses are larger than 20M, These observations provide new opportunities for
exploring fundamental physics, as they offer insight into the strong-field gravity regime and
create means to test gravity theories.

Black holes are, by the standard definition, regions of spacetime from which no causal signals
can escape to an observer at infinity. This kind of object had been anticipated earlier by John
Michell and Pierre-Simon Laplace within the framework of Newtonian gravity combined with
the corpuscular theory of light [31]. In Newtonian gravity, the escape velocity from the sur-
face of a compact body of mass M and radius R exceeds the speed of light ¢ if R < Ry with
Ry = 2%:2M . Following modern physics, special relativity imposes that c is the universal upper
bound to all causal signal speeds in the physical world. This suggests that, at Ry, there exist
a boundary of this compact body beyond which no causal signals can escape to infinity. This
boundary is called event horizon and it is crucial in a formal definition of black hole. Ry can

then be used as an estimate of the scale at which black holes form and thereby sets an elementary

While it is unclear who invented the term ”black hole”, the first recorded use of the term can be found in a
January 1964 report of AAAS meeting by journalist Ann Ewing. The term subsequently became accepted when
it was later used by John Wheeler in a lecture at the NASA Goddard Institute of Space Studies in 1967 where he
remarked that one just could not keep saying ”gravitationally completely collapsed object”. ”How about black
hole?” asked someone in the audience, and the term became favoured [27].



CHAPTER 1. BLACK HOLES 2

Black Holes of Known Mass
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Figure 1.1: New Population of Binary Black Holes with masses larger than those observed with
X-ray studies (purple). — Source: LIGO/Caltech/Sonoma State (Aurore Simonnet) 17

definition of black hole as a region of space-time in which the gravitational potential, GM /Ry,
exceeds the square of the speed of light, ¢®. Such a definition is congruent to hoops conjecture
which demands that a black hole should form whenever the amount of energy M is crushed and
compacted inside a region of spacetime whose circumference in all direction equals 27 Ry [32].
In this sense, black holes can in principle have any value of mass and the mass turns out to be
the the typical quantity setting the size of its gravitational radius.

Our aim in this chapter is simple. We shall introduce some concepts of black holes relevant for
our study and discuss why a classical description in some black hole regime need to be replaced
by a consistent quantum description of gravity.

1.1 Classical Black Holes solutions within General Relativity

Black holes arise as a physical prediction of Einstein GR. In four dimensions, they are point-
like and (in the absence of angular momentum) have SO(1,3) symmetry. The first encounter
with black hole solution was by Karl Schwarzschild [33] who constructed a vacuum solution
to EFE, i.e. a solution that satisfies R, = 0. In the presence of a cosmological constant, it
satisfies R, = Ag,,. In four dimensions, the simplest stationary solutions of the EFE describing
compact objects are spherically symmetric, having a metric of the form

dr?

ds* = —A(r)dt* + B

+ r2dQ3 (1.1.1)

where d22 is the metric of the 2-sphere, and A(r) and B(r) are some lapse functions. Following
Birkhoff’s theorem, for d > 4, any d-dimensional spherically symmetric solution of the vacuum
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EFE belongs to the family of Schwarzschild metric parametrized by mass M. The Schwarzschild-
Tangherlini solution is given by [33, 34]

dr?
d? = — (1— 2 Va2 4+ 47 12002 1.1.2
5 ( Td—3> Tz " +r7dS gy, (1.1.2)
where 167G M
wGy
= _OTrall 1.1,

and Gy is the Newton’s coupling in d-dimensions.

One can establish the existence of a curvature singularity by showing that, along the timelike or
null geodesic, curvature invariants becomes infinite. In our discussion, we shall mostly employ the
Kretschmann invariant, R, - RF"P?, which is a coordinate independent quantity. This quantity
measures gravitational field strength, and is expected to go to infinity as one approaches the
singularity in, at least, classical description of gravity. This in turn signals a loss in future
predictability. For Schwarzschild solution, the Kretschmann invariant is given by,

48G2? M*>

uvpo __
RupoR =%

, (1.1.4)

showing that solutions contain a spacetime singularity at » = 0. The singularity at » = 0
characterizes a region of spacetime where the density of matter as well as the spacetime curvature
become infinite. The gravitational potential becomes arbitrarily strong and the law of physics,
as we know them, break down. This true pathological feature of geometry near a singularity
signals the failure of the theory and GR no more provides a good description of gravity in this
regime.

Henceforth, we set d = 4 but similar result hold in an arbitrary dimension. Omne apparent
feature of the Schwarzschild metric is that it is singular as r — 2G M, however, this is not a true
pathological features of Schwarzschild geometry as this singularity is a consequence of coordinate
choice. In fact, one can indeed show that the Kretschmann invariant is regular as r — 2GM. It
is straightforward to see that, by replacing ¢ with a new coordinate v defined as

1
vi=t+gr), J)=—, 1.1.5
) 90 =55 (1.15)
and consequently

vi=t+7r+2GMIn(r —2GM) (1.1.6)

the Schwarzschild metric can be brought to the form

2GM

ds* = — (1 — G;) dv? + 2dvdr + r?dQ?, (1.1.7)

making the metric a well-defined Lorentzian metric on the set v € R, r € (0,00) and providing
the analytic extention of the original metric. Classically, the characteristic feature of a black hole
is its event horizon, which appears at r = 2GM for a Schwarzschild black hole. The boundary
covers the interior of the black hole, from where no light or any observer can send signals to a
far away asymptotic external region.

Solution (2.2.7) is obtained in the absence of the cosmological constant A, thereby leading to
an asymtotically flat Schwarzschild solution. Including A, the solution receive a modification
leading to a lapse function
2GM 1
fry=1- — gArQ. (1.1.8)
T
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The spacetime solution is

Schwarzschild — AdS  for A <0,
Schwarzschild for A=0, (1.1.9)
Schwarzschild — dS for A >0.

In this case, the Kretschmann invariant for the Schwarzschild-(A)dS solution is

48G2M?  8A?
+

UVpo __
R a r6 3

(1.1.10)

Ruupa

indicating that the class of solutions posseses a real spacetime singularity at » = 0.

In four spacetime dimensions, the no hair theorem [35] postulates that all black-hole solutions
to the Einstein-Maxwell equations are uniquely characterized by just three observable classical
parameters: the mass (M), the electric charge (@), and angular momentum (.J), so that other
black-hole solutions within GR are classifed in what follows.

e Reissner-Nordstrom (RIN) or Charged Black Hole: is the solution to EFE equations
for a spherically symmetric system with a radial electric field and zero 4-current density
[36]. The metric takes the form

") = 32__(7"_7“+)(7’_7"—) 2 r 2402
f(r)=ds” = w dt? + =) + r?dQ?, (1.1.11)

with event horizons located at the coordinate singularites

re =GM £\/G?M? — GQ? for M <|Q| (Sub— Extremal). (1.1.12)

We note that for M < |Q|, the spacetime possesses a naked singularity at » = 0. This
is the super-Extremal limit. At extremality, where M = @, the event horizons coincide
at the extremal radius r4 = GM = |Q|. In particular, the extremal black hole metric is
given by

2 —2
ds? = — <1 _ Gi”) dt? + <1 — G;”) dr? + r2dQ2. (1.1.13)

e Kerr Solution or rotating Black Hole: represents the spinning generalization of the
Schwarzschild solution and is relevant for astrophysical black holes [37]. The metric takes
the the form

A = in? 0
ds® = —= [dt — asin® Ode] + ZdTQ + Zdb? + Sm? [(r* + a®)dy — adt]2 (1.1.14)
where

A =72 —2GMr +a?, Z:=1r?+a®cos®b. (1.1.15)

This solution describes a rotating black hole with angular momentum J = aM.
e Kerr-Newman Solution: represents spinning generalization of RN and the electrically
charged Kerr solution [38]. The relevant metric is obtained by replacing A in the Kerr

solution by
Ag :=1* - 2GMr + a* + GQ>. (1.1.16)
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1.2 Challenges of Classical Description of Black Holes

In this section, we shall discuss the breakdown in the classical description of black holes. The
physical question following the failure of classical description lead to a motivation to seek for
a more fundamental description of gravity. In the following are some pertinent issues that
arise.

1.2.1 Black Hole Singularity

The idea of what a singularity should be seems to be intuitively very simple: whenever any
physical or geometrical quantity diverges, this signals a singularity. Singularities naturally fea-
ture within the classical description gravity. In GR, such singularities typically appear at the
initial state of the universe and at the final state of gravitational collapse leading to black hole
formation. Attempts to define a spacetime singularity in GR are one of the most interesting
problems of singularities [39]. Formally, one could ask if these singularities are artifacts of the
high degree of symmetry of the black hole solutions and whether in an asymmetric collapse, no
infinite density would develop such that realistic gravitational collapse would lead to singularity
free solution. Two analyses, starting from Raychaudhuri [40] to the more general results due
to Penrose and Hawking’s [41] study of spacetime structures, lead to the singularity theorem.
Basically, the singularity theorem requires that, if we assume the existence of a closed trapped
surface?, null energy condition and a non-compact cauchy surface, then a singularity is unavoid-
able within GR. In particular, timelike or null geodesic incompleteness is a good indication of
the existence of spacetime singularities. Geodesic incompleteness refers to a situation in which
there is a sudden disappearance of freely moving observers and consequently, a breakdown in
future predictability. As such, black holes were shown by Hawking and Penrose to be generic
final state solutions of gravitational collapses [7]. A Singularity in black hole solution is not a
point per se in the spacetime manifold, but it is in the boundary of the spacetime. Figure 1.2
shows the Carter-Penrose diagram for a star collapasing into a black hole.

At a singularity, the spacetime curvature invariants diverge, the regularity of the spacetime
metric is lost and the energy density of the collapsing matter blows up. In essence, classical
physics can no more provide an adequate description of spacetime in the neighourhood of the
singularity. Obviously, this spells the breakdown of all classical physics as it has been pushed
beyond the domain of its validity. One of the questions to then ask is: “What description of
gravity should replace classical GR in the black hole regime where curvature grows unbound-
edly?” The answer to this question is obviously not simple, however, it is believed that quantum
effects, ignored by the classical description of gravity, should intervene at the Plank scale, mak-
ing quantum gravity effects relevant before the curvature reaches infinity. Indeed, while in GR
the existence of spacetime singularity is inevitable, quantum gravity may provide a resolution
to the singularity. As a consequence of abandoning the classical description of gravity at the
Planck scale, the classical metric associated to the spacetime manifold should also be replaced
by a quantum improved one, and a basic challenge for the relevant quantum gravity theory is
how to encode the quantum effects into the metric that describe the spacetime at the Planckian
regime. As we shall see later, it is possible to encode the relevant quantum effects by renormal-

20ne can think of a close trapped surface as a 2-surface in the inner region of the event horizon where the
gravitational influence is so strong that all light rays, ingoing and even outgoing, converge. An intuitive picture
of this can be found in Penrose original proposal [[41],[42]]. Penrose noted that the original Oppenheimer-Snyder
collapse model has a trapped surface and then used it to imply the existence of asingularity.
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singularity -+

]

event horizon

r=0

Figure 1.2: Carter-Penrose diagram for gravitational collapse of a star collapase into black hole.
The collapsing star is represented by the violent curve. ¥ is the spatial null infinity (r — —o0).
The past timelike infinity (¢ — —oc0) is at i~ while future timelike infinity (¢ — oo) isat it . J~
and J 7T respectively represent the past and future null infinity. The black dotted line marked
‘d’ on J~ is he event horizon. Falling star collapse beyond event horizon is trapped. [43]

ization group improving the classical geometry. This approach has proved to have some useful
phenomenological consequences and it shall be a cornerstone of our future analysis.

1.2.2 Singularity Theorem and Cosmic Censorship

As we have just seen, within GR, a singularity is inevitatble in the final state solution of con-
tinual gravitational collapse, leading to a breakdown in the future predictability. There were
few attempts to avoid this conclusion within classical GR but the singularity theorem led to
abandoning most of them. One not fully resolved attempt is due to the Cosmic censorship
hypothesis. Penrose conjectured that one can have a future predictability within classical GR if
nature avoids a naked? singularity. The conjecture is summarily captured in what follows.

e The weak cosmic censorship conjecture states that spacetime singularities that
emerge in the final solution of gravitational collapse are always hidden inside of black
holes. This means that if one evolves generic non-singular initial data on a suitable Cauchy

3 A spacetime singularity is called naked if it is visible to a far away asymptotic observer in the universe.
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hypersurface according to GR, no spacetime singularity visible to an observer at infinity
will develop. This therefore suggests that a naked singularity within GR is unphysical and
an event horizon must cover any physical singularity.

e The strong cosmic censorship conjecture postulates that a physically reasonable
classical spacetime is globally hyperbolic. This basically enforces that GR can predict the
evolution of the whole spacetime.

For years, these conjectures have attracted significant amount of debates [44]. Afterall, in its
original form, Penrose-Hawking singularity theorem does not necessitate that the singularity
developed in the process of gravitational collapse will turn out to become a black hole. The
key question for gravitational collapse is therefore whether naked singularities may form with
positive probability in the process of gravitational collapse.

Supposing the cosmic censorship conjecture is maintained, one might wish to argue further that
there is no breakdown of future predictability since no physical singularities will lead to any
effect on observers in the spacetime region outside the event horizon. Very little progress has
been made toward a proof of the conjecture. Viewpoints on this are outlined by Wald [45]
and studies consist primarily of the stability of black holes. For example, Wald performed a
Gedanken experiment [46] to violate cosmic censorship. If one tries to over-charge an extremal
Kerr-Newman black holes characterized by M? = Q? + A‘%, by dropping into it a charged test
particle whose charge is larger than the extremal black holes, then one might suppose that a
naked singularity would appear as M? < Q? + A‘% is approached. However, he showed that this
attempt to over-charge extremal Kerr-Newman black holes is not possible.

On the other hand, the cosmic censorship conjecture is contestable. Already, there are many
examples of realistic gravitational collapse models within GR whose generic conclusion suggest
that black holes and naked singularities do develop as the final state solution of spherical col-
lapse. These include model with various forms of matter — dust, fluids and scalar fields [10].
Other arguments are centered on the hoop conjecture whose criterion is formulated such that
gravitational collapse in all three spatial dimensions must occur for a black hole to form. While
this criteria is crucial for formation of a horizon in non-spherical gravitational collapse, it is
loosely formulated to allows such criteria to occur, and further, there is currently no experimen-
tal evidence for the conjecture.

It is fair to say that the conclusion about cosmic censorship is not resolved since most of the
detailed models of spherical gravitational collase have been analyzed within the framework of
Einstein gravity. If one maintain classical gravity, one way to resolve the problem is to test it
observationally. In the absence of a reliable observational test, one may think about this problem
within the framework of quantum gravity. The reason is that the conjecture has its root in the
existence of singularity which is a common feature of classical gravity. As we saw earlier, allowing
naked singularity within classical gravity will lead to a loss of future predictability. However,
whether naked singularities within classical gravity are physical or unphysical, we expect that
the relevant quantum theory of gravity should restore a suitable form of predictability.

1.2.3 The Thermodynamics of Black Holes

Although our study shall focus on the structural aspect of black hole spacetime. However, it
is useful to introduce some basic elements of black hole thermodynamics due to the interplay
between the central singularity and the mechanics of black holes.

Classical thermodynamics is well known to has its foundation in the non-gravitational physics but



CHAPTER 1. BLACK HOLES 8

its scope stretches relevance into black hole mechanics. According to Bekenstein [47], black holes
carry an entropy S proportional to the event horizon area A, i.e. S = A/4G, and consequently,

the relation ) A . )
7r
M= —A+— (J*+-Q*) + -@Q* 1.2.1
167 +A<J+4Q +2Q ( )
was established to feature all information about the thermodynamical state of a non-extremal
black hole, i.e. it relates the characteristic parameters describing a black hole. This led to the

mass variation satisfying
SM = %514 + Q6T + D6Q, (1.2.2)

where k is the surface gravity constant over the horizon, €2 is the angular velocity and @ is
the electrostatic potential. This is the first law of black hole mechanics. Analogously, a one-
to-one correspondence was shown to exist between black hole thermodynamical laws and those
of classical thermodynamics if there is an identification of black hole surface gravity x with
temperature, and the event horizon area with Bekenstein entropy [48]. On dimension ground,
the proportionality, S o« A and T « &, should involve a factor of the Planck constant f. Since
this similarity in thermodynamical laws was based on the classical GR, it was then considered
to be just a mere analogy. However, by exploiting the quantum mechanical effect at the event
horizon, Hawking showed [49] that a black hole emit radiation in a similar manner as a black

body, at a temperature

hr _ ia,,f(r) ) (1.2.3)

Ty = —
B o " 4n —

Following the analogy with the first law, black hole is then thought to carry Bekenstein-Hawking
entropy given by
A A3A
Spp=-— = —+ 1.2.4

P42 acn (1.24)
where £2 denotes the Planck length Gfi/¢®. (1.2.3) and (1.2.4) feature the three of the fundamen-
tal constants of nature — ¢, i, G. This suggest that black hole is at the very foundation of physics
and offering hope that the study of black holes may lead towards a fundamental theory.

Hawking effect is also at the heart of the information paradox. Starting from the classical no-
hair theorem, the large amount of data that describes a collapsing star within GR will reduce to
a small number of quantities that describe a black hole, while the remaining information is not
accessible once a black hole is formed. Now taking Hawking’s semi-classical quantum mechan-
ical effect into consideration, black holes evaporate on a time scale of 7 oc G2M?3/(fic*) which
is of the order of 107s for M = My,. According to Hawking, the quantum evolution will take
the initial pure state of the star to a mixed state, and consequently, Hawking radiation which
is thermal, will carry no information contained in the initial wavefunction. Contrary to this,
quantum mechanical principles dictate that evolution of wavefunction should be governed by a
unitary operator, i.e information should be conserved by quantum evolution. The key questions
is then whether the quantum mechanical evolution governed by unitary operator is compatible
with black hole physics. This is the black hole information problem and it plays a role on the
reason for quantum description of gravity.

Let us end this chapter by declaring that our study shall focus mainly on the structural aspect
of quantum black hole within a specific paradigm of quantum gravity. In the next chapter, we
shall highlight the principal viewpoint of our investigation of the black hole structure.



Chapter 2

Asymptotic Safety:
The Pure Gravity Scenario

Quantizing gravity perturbatively around a classical background leads to perturbative non-
renormalizability. In d dimensions, the canonical mass dimension of the Newton coupling is
[G] = 2 —d, thus, its critical spacetime dimension is d = 2. Due to the negative mass dimension
in d > 2, a power counting argument alone shows that traditional perturbative gravity can
be applied only for low energies E? < 1/G, where the quantum gravitational corrections are
captured by effective field theory (EFT). For instance, within the framework of EFT, quantum
gravitational correction to the Newtonian potential between two point sources is given as[21]-

[24]
Vi) = - ST <1 _ Gl £ma) _ 167%) +0 <<Gh)2> . (2.0.1)

r2c3

The quantum gravitatational correction is proportional to the Planck constant, while the term
proportional to Glmitme) ¢ the post-Newtonian correction. This result is established despite
the perturbative non-renormalizability complication at the very high energy. The higher-order
counterterm introduced by renormalization can be negleted at leading order for energies £ <
1/M,y;. So, gravity and quantum theory fit well in quantum gravity model below the Planck
scale and the outstanding task boils down to resolving renormalizability at energies comparable
with the Planck sclale, M, where predictivity is lost. This is a consequence of the fact that
all initially many counterterms, each with its own coupling, have to be taken into account in
a perturbative treatment at the Planck scale. Indeed, the incompleteness of GR as a standard
perturbative QFT is evident in the appearance of ultraviolet (UV) loop divergencies at each order
in the expansion with respect to G, which cannot be contained by addition of few counterterm
to the original gravity action[19]. Hence, one must look beyond the perturbative approach to
provide a UV completion for gravity theories.

In this chapter, we shall introduce the idea of asymptotic safety (AS) [51, 52] in direct application
to the pure gravity system. The AS paradigm is a non-perturbative approach whose philosophy
stems from the Kadanoff-Wilson renormalization group [53],[54]. In a modern application to
quantum gravity, funtional renormalization group (FRG), which amalgamates functional ap-
proach with the Wilsonian RG formalism of treating quantum fluctuations step-by-step, has
been very successful in the construction of an exact renormalization group flow equation due
to Wetterich[65]. The FRG is a powerful tool endowed with a resolution scale and capable of
creating a connecting path from the macroscopic view of the world to a microscopic one.
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2.1 Overview of the Asymptotic Safety Paradigm

According to Wilson[54], a QFT is just an effective description of physics, accurate up to a
certain energy scale. Given any QFT with coupling parameters g associated with a reference
scale kg, a renormalization group (RG) is a transformation

Ga: 8 — Beff (2.1.1)

such that g.rs := G(a;g). The label % := a € R is the rescaling parameter and g.s; are the
effective coupling parameters associated with the scale k. An n-iteration would lead to

g =G (a; gg;fl) — .. =G (a"g) (2.1.2)

In the limit n — oo, the rescaling factor a™ — 0, suggesting that all degrees of freedom have
been integrated out. As a consequence, a = 1 is associated with the full theory and a = 0 with
the microscopic theory, so that G, interpolate along the RG trajectory. It is trivial to show that
G, is, in fact, a monoid’.

Thus, the basic idea of RG is simple: renormalization group is a process of re-expressing the
physical parameters g in terms of effective parameters g.r ¢, while keeping unchanged the relevant
physical aspects of the problem.

In order to seek a UV completion of a given field theory, the QFT framework need not be
abandoned, instead, we can explore its structure in the high energy regime with non-perturbative
tools. In asymptotic safety paradigm, physics is structured on some basic propositions.

e First, the long and short distance physics are expected to be related through renormaliza-
tion group flow. This is in consistent with the Kadanoff-Wilson RG.

e Second, the existence of a fixed point guarantees universality in the statistical physics
sense[55]. In particular, scale-invariant theories define the universality classes of the RG
flow.

2.1.1 Asymptotic Safety Conjecture

In the light of the behaviour of non-abelian gauge theories at high energy, where asymptotic
freedom is realized[56], asymptotic safety seek to generalize asymptotic freedom. For example,
an asymptotically free theory has its physical coupling appoach a high energy regime where it
vanishes asymptotically. In this regime, the theory can be treated as non-interacting. On the
other hand, the remarkable thing about asymptotically safe theories is that the dynamic in the
deep UV contains residual interaction.

The domain in which this takes place is a submanifold of a theory space called the critical surface.
The theory space is essentially the space of action functionals where RG acts on the theories’
parameters — this is where all QFTs lives. Any action functional takes a general form

S(¢) = Z i (k)P;(¢) (2.1.3)

!Given that a € R, one can straightforwardly show that G, inherit commutativity, associativity and identity
associated to a = 1. Physically, Go ! may not exist since the elimination of field modes can change the number of
effective coupling aey .
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where {j\i(k)}izl 2,3,...

allowed by the underlying symmetry of the theory. For i,j € Z, let {g;(k)} C {Xj(k:)} represent
a subset of the full scale dependent parameters which cannot be removed by field redefinition.
These parameters are refered to as the essential parameters. As a consequence, the field mono-
mials in the dynamics also reduce to some operators O; C P;. For an essential coupling g;(k)
with canonical mass dimension dg, its dimensionless analog is g;(k) = g;(k)k~:. A theory for
which all g; approach a finite fixed point will feature observables that are free from possible
divergences at high energies, and thus, such observables remain finite [26].

are scale k dependent parameters and P; are the possible field monomials

Proposition 2.1 (Weinberg, 1979 ([26])). Let {gi(k)};_1 43, be the set of dimensionless es-
sential coupling parameters of any QFT. A QFT is said to be asymptotically safe if

sup g;(k) < oo, lim g;(k) =g/ <oco V i€Z. (2.1.4)
k<oco k—o0

The proposition 2.1 encodes the asymtotic safety conjecture. That the fixed point g* encodes the
quantum scale invariance of the theory is due to the fact that g* = G(a;g*). Thus, asymptotic
freedom (with vanishing g*) or asymptotic safety (with non-trivial g*) straightforwardly imply
scale invariance.

Indeed, such regimes can be reached in theories with dimensionful parameters. The reason is
that, a dimensionful canonical scaling of the parameter, —dg,;g;, can be balanced by quantum
scaling 7;(g) due to quantum fluctuation, so that the associated S-functions vanish:

og; . .
0:= ﬁgf =k 8/{? = —dg,g; +ni(g;), (2.1.5)
and as such, a fixed point emerge at
r = 2.1.6
& = dg (2.1.6)

There are, in fact, some examples where theories which are asymptotically free in their critical
dimension d..;t, where the coupling has zero canonical dimension, are asymptotically safe in
d = derit + € dimensions for € > 0 (cf. [57]). This is the case for Yang-Mill theory in d =4+ ¢
dimensions where the structure of the 1-loop S-function of the gauge coupling parameter is

€
ﬁgYM = —7933/M + igYM + O (g?/M) . (2.1.7)

The triumph of asymptotic freedom is in the appearance of the negative 1-loop cooefficient of
the B-function where v > 0 is realized for vanishing €. In d = 4 + ¢, asymptotic safety is realized
in a structure where the term §gy s in the S-function compete with the 1-loop term, so that
fixed points appear at

gyu =0 (Free) and gy = /% (Safe for v > 0). (2.1.8)

9y gaurantees scale invariance of the d = 4+ € Yang-Mill theory at very high energy, and thus,
provide its UV-completion.

2.1.2 Local behavior of the RG flow

In order to determine the local behavior of the RG flow, we consider an infinitesimal change

ogi =g — 8 =G(a;g) —G(a;g;), (2.1.9)
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which allows one to linearize the RG flow in the vicinity of the RG fixed point where g-functions
vanish. Accordingly,

0B,

bo=Be|  +Y ((.fg) 5; + 0 (5g)°, (2.1.10)
gi=g; j 8/ lgi=gr
=0+ ) ©lég;+0(0g)’, (2.1.11)
i

where 95

ol - ( gi> _ (2.1.12)
zj: Ig; gi=g}

is the stability matrix. The classification of the RG flow and thus, the relevance of the coupling
in the fixed point regime is done by determining the eigenvalues of ©7. Since there is no

reason to suggest that ©] is symmetric, ©] is not in general diagonalizable, so that one will
have to distinguish between the left and right eigenvector. However, for our purpose, the right
eigenvectors v{* and the corresponding eigenvalue —0,, are sufficient, so that

Ol vj = —0,v, for a=1,23..supli,j]. (2.1.13)

It is useful to project the dg; onto the right eigenvectors v{* of stability matrix @g, so that one
introduce coordinates g;

g => dgi v (2.1.14)
%

in theory space that are centered around the fixed point. The linearized flow equation thus
gives

25— .8, (2.1.15)
for which the solution of (2.1.10) is

g% (k) = ca (:()) o : (2.1.16)

where ¢, is a dimensionless constant of integration and 6, is the critical exponent. From (2.1.14),
it is straightforward to re-express (2.1.16) as

g —g =0gi=y vig"(k), (2.1.17)

so that

k0
gi=g +) V) <k> : (2.1.18)
a 0

In the following, we analyse the local behaviour of the RG flow in the neighourhood of the fixed
point g;.

SUMMARY OF RG-FLOW IN g NEIGHBOURHOOD

e First, we note that 6, is in general a C-value, so that it assumes the form

0, =Re(0,) +i Im(6,). (2.1.19)
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e Re (6,) controls the local direction of the RG flow in the neigbourhood of g*. In particular,
it describes the growth or decay of the dimensionless coupling. This is obvious from (2.1.18)

e Im (6,) controls the spiral nature of the RG flow in the fixed point regime.

e Table 2.1 highlights the local behavior of the RG flow in the neighbourhood of g .

Local behavior of the RG flow in the neighbourhood of g

CRITICAL DIRECTION OF RG FLow COMMENT ON PARAMETER c,
EXPONENT
Re (6,) > 0 || Relevant: UV-attractive direction cq are free parameter that must

be fixed by experiment in the In-
frared

Re (0,) =0 || Marginal: retain the first non-vanishing cor- || ¢, assume relevant associated in-

rections to the coupling constants in order to || put after further analysis
determine whether the RG flow, towards the
UV, approaches g} or diverges away from it.
If g7 is reached, coupling is marginally rele-
vant, otherwise, it is marginally irrelevant

Re (6,) > 0 || Irrelevant: UV-repulsive direction Reaching the fixed is up to set-

ting the corresponding ¢, = 0,
thus, no free parameter is associ-
ated to an irrelevant direction.

Table 2.1: Analysis of RG flow in the fixed point regime

e Starting from (2.1.13), we take the determinant of both side

0B,
Z <6ggj > ’gi:gf vy

J

. (2.1.20)

(0%
— ‘ - eaVi

Recognising (2.1.5) and using the property that det(AB) = det(A)det(B) for square ma-
trices A and B, one can straightforwardly show that

0; ~ dg, — Oni(8i) . (2.1.21)
08i lg;—g:
The contribution 873;751) is called the anomalous dimension around the UV fixed

gi=g;
point. The running of the anomalous dimension stops at the fixed point and the real-

ized critical exponent gaurantees universality. The critical exponent 6; is related to the
canonical mass dimension dg, of the coupling. For asymptotic freedom where g7 = 0, the
contribution from the anomalous dimension vanishes, so that 6; = dg,. Critical exponent
associated to the non-trivial fixed point of asymptotic safety receive an extra contribution
from the anomalous dimension. (2.1.21) suggests that the canonical mass dimension will
continue to dominate, unless quantum effect become very large.

A viable fixed point features only a finite number of UV attractive directions exist in
the neighbourhood of the non-trivial fixed point, and others are increasingly UV repulsive.
The RG flow determines which interaction monomials are relevant in the neighbourhood of
the FP and thus, defines the dynamics. As a consequence, interacting fixed points can be
predictive since there are only a few relevant couplings with positive mass dimension, and
others have increasingly negative canonical mass dimension that render them irrelevant.
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2.2 RG Machine

To investigate the existence of the non-trivial fixed point and thus, asymptotic safety, qualitative
analysis of RG flows is usually done through the g-functions. The functional Renormalization
Group (FRG) provides a method/tool with which the extraction of S-functions is done efficiently.
By introducing a UV cutoff A and an IR cutoff k, the basic input is the interpolating scale
dependent effective average action

Ty (o, 8i(k Zgz 0; Zg )k O; () (2.2.1)

which contains physics at scale k € [0, A] such that
Pro =Tet,  Tkoa = Sbare- (2.2.2)

Oi(p) are field monomials allowed by the underlying symmetry of the classical action S[¢, g;]
associated with essential dimensionless couplings g; = g;(k)k~%:, where ¢ = (¢). One can
construct the interpolating action by means of a modified Legendre transform

Iife] = s ( [io-m zk> NS (2.23)

using a scale dependent generating functional

1= [ Do e (sm - a8l + [ ar j¢), (2.2.4)

where the infrared cutoff term
1
ASo) = 5 [ d'zoRe(2)0, (225)

features the regulator Ry(A) chosen such that it suppresses modes of momentum less than k2
and only the high energy modes with momentum greater than k? contribute to (2.2.4). A is
the cutoff operator with eigenvalue z. On a flat background, z is simply momentum squared
p?, and thus, R(z) has dimension of mass squared. The choice of Ry (z) is up to some certain
requirements, namely,

e Rj(z) is a monotonically decreasing function of z for a fixed k;
e Ry(z) — oo for k — oo such that I'y 00 — Share;

e limy ,oRy(2) =0 V z, so that the limit Zy_,o[j] = Z[j] and T'y_,o = Tegr are automati-
cally realized.

e For z > k?, R}, typically goes to zero. At z =0, Ry(0) = k2.

Typical choices of Ry(z) in the literature have the following form
Ri(2) = k*r(y) with y = z/k? (2.2.6)
with dimensionless cutoff profile

P Exponential cutoff

r(y) =< limp RO(1 —y), Sharp cutoff[58]; (2.2.7)
(1—-y)o(1 —y), Litim optimized cutoff[63].
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The change of (2.2.3) under a change of scale is given by an exact renormalization group equa-

tion
ar, 1 [(5% -1

I'y =k——==-T
dily =k T 5@5(,0+Rk>

=2 agzk] . (2.2.8)

This is the Wetterich flow equation [65]. With the Wetterich equation, we have a FRGE machine
capable of zooming through different energy scales. Wetterich equation has a 1-loop structure

-1
and (gig; + Rk) represents the exact propagator of the theory rather than the perturbative

one. Taking z = p?, figure 2.1 shows the influence of R on the flow equation for which the
trace of the eigenmodes of the propagator is peaked for modes with eigenvalues close to k2. By
construction, Ry in the propagator guarantees the IR regularization while the 0 Ry implement
the UV regularization since R}, typically goes to zero for z > k2. Thus, the Wetterich equation
is automatically UV and IR finite. Moreover, given an initial condition I'y, ,, the Wetterich
equation induces a vector field in the theory space. Although generating this vector space is
independent of knowing the full microscopic action, the Wetterich equation does allow us to seek

for a subspace of {I'y }rcr where viable microscopic dynamics lives.

P2 (p?+Ri(p?) " 0:Ri(p?)

0.0 0.5 1.0 1.5 2.0 0 1 2 3 4 5
p2IK? p2IK>

Figure 2.1: Behaviour of the full flow equation (turquoise continuous) for z = p?. It features

the influence of the UV regulator 9; Ry (green dot-dashed) and the inverse propagator % + R

for gcpgs’; = p?. Trace Tr becomes a momentum integral with measure p? in d = 4(blue dashed).

Using the optimized cutoff (left panel) and the exponetial cutoff (right panel), the integrand in
the flow equation is peaked at 5 ~ 1. [52]

The solution to the flow equation (2.2.8) is essentially the RG trajectory in theory space provided
by the extracted S-function. We can see this directly by taking the scale derivative of the effective
average action (2.2.1):

oy, _ .
b = k—ZgZ k% O; () (2.2.9)

=" (Be + 8idg,) k= 0. (2.2.10)

The extracted g-functions allow us to investigate asymptotic safety and thus, the existence of
the non-trivial fixed point. We should emphasize that, in spite of the dependence of the RG
trajectory on the regulator Ry, the final end point, and thus, the fixed point is independent of
Ri.
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2.3 Status of AS in Pure Gravity

There exists a growing collection of evidence that a scale invariant regime of the RG flow could
provide an adequate description of quantum gravity, and thus could reveal the fundamental
structure of quantum spacetime [58]-[62]. We shall briefly recall here those indication pertaining
to the pure gravity system. More elaborated review on the status of asymtotic safety for gravity
and matter is contained in [51, 52].

First, in d = 2 spacetime dimensions, Newton’s coupling is dimensionless and thus, the Einstein-
Hilbert action is power counting renormalizable in perturbation theory. However, the Einstein-
Hilbert term is a topologically invariant term in two dimensions. In d = 2 + ¢ dimensions, the
structure of the flow equation of the dimensionless Newton’s coupling g = kG is

d 2
By = k%g = —v9° + €g. (2.3.1)
This structures remain the same for different kind of matter monomial added to the Einstein-
Hilbert term. However, v also depends on the choice of the matter added to the Einstein-Hilbert
term|[66, 67]. It has been shown that v depend on parameterization of metric fluctuations in
terms of a background metric g, (cf [68],[69]). As a consequence, fixed points appear at

g" =0 (Free) and g¢* = < (Safe for v > 0), (2.3.2)
v

due to balance of the quantum fluctuations and canonical scaling term. The challenge is then
whether a non-trivial fixed point can be realized for € > 2.

The theory space is very large, and spanned by many interaction monomials, ranging from the
cosmological constant to infinitely many higher-order dervative terms. As such, an analysis of
the full gravity action on the theory space is currently out of hand. Instead, one starts with
a truncated gravity action as an initial condition, for which typically only a finite number of
interaction monomial are retained.

2.3.1 Einstein-Hilbert Truncation

At the level of the Einstein-Hilbert truncation, the gauge fixed gravity action in d dimensions
is given by

1
Trrlg = — /dd:r: V=g (R—2A) + Sy; + Syn, (2.3.3)
167G
where the gauge-fixing term is typically chosen as
1 d = _uv N~ 1+ B 2

Sgf = el /d x/—g g"F F,, F,=D hg, — TD“h’ (2.3.4)

with the corresponding Faddeev-Popov ghost term

d = - - Nk K 1+ /8 M v

Sgn = —V2 [ d®x/=G &, | 3" (D"gp Dy + D" g D)) — —5 D'D, ). (2.3.5)

By promoting (G, A) to running couplings (G(k), A(k)), the analysis of the fixed point structure
of the dimesnionless Newton’s coupling g(k) = k%~2G(k) and that of the dimensionless cosmo-
logical constant A(k) = k~2A(k) has been done for an arbitrary d dimensions through their
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respective S-functions [58]. Using a sharp cutoff, the S-functions in d = 4 amount to

By = (2+n)g,

g 5 (2.3.6)
fr=—2 ==L |51 (1-20) - 20(3) + 5|
with anomalous dimension
29 18
= — In(1—2X\) — (2 6] . 2.3.7
1= [ =2~ @)+ (237)

Figure 2.2 describes the flow (2.3.6). The appearance of a pole at A\ = % means the flow is
restricted to the plane

—0<g<oo, —o0<A<L (2.3.8)

l\DIn—\
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0.0 PR ’/ %H—:-—* “"’“"’*—"_—./*,
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Figure 2.2: Flow diagram for the Einstein-Hilbert truncation in d = 4 for a sharp cutoff. The
direction of arrow is towards the IR. The dark region beyond A = 1/2 is the region where ()
diverges. Phase diagram with optimized cutoff and other choices of cutoffs, parametrization and
choices of gauge exists, with the qualitative picture of the UV fixed point the same [68].

The fixed points coordinate are:

Trivial Fixed Point: (g+, A) = (0,0) for 601 =2,0p=2—-d=-2,

2.3.9
Non-Trivial Fixed Point: (g4, Ax) = (0.403,0.330)  for 6Oy =1.941 £3.147 ( )
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e Fixed point at the origin governs the limit & — 0. The corresponding critical exponent
01,2 shows there there is one relevant direction and one irrelevant directions in the neigh-
bourhood of (0,0).

e The non-trivial fixed point governs the UV-completion (k — oo) of gravity. Those trajec-
tories that emerge from the non-trivial fixed point embody renormalized theories, one of
which could be realized in nature [70]. These trajectories live in the upper half-space of
figure 2.2, which signifies positive Newton’s couplings. The spiral nature of the trajectories
in the vicinity of the non-trivial fixed point is due to the non-vanishing imaginary part of
the critical exponent which is a C-value.

e As (g,\) approaches the non-trivial (g., A«), scaling behavior of the dimensionful (G, A)
at high energies is fixed as

lim G(k) = k™ 2g., Jim A(k) = E2 .. (2.3.10)
—00

k—00

e The figure also features a separatrix (green) indicating a trajectory running from the UV
fixed point into an IR fixed point, reflecting the fact that the short and the long distance
gravitational physics are related through renormalization group flow, i.e., we can realize
the limits

lim G(k) = Go, ~ lim A(k) = Ao. (2.3.11)

They are the IR values of the Newton coupling and the cosmological constant. More cross
over analysis of some classes of trajectories is contained in [58].

e While the details of the RG trajectory depend on the choice of regulator Ry, we have
emphasized that the fixed point structure is independent of the regulator choice. In fact,
using other regulators, the crossover pattern is also independent of the choice of regulator
(cf. [68]). As such, it is phenonmenological useful to analytically approximate the RG
trajectories as a family of curves[71]

k%G
9(k) = oo
(2.3.12)

A =22 540 (1- £)° -5+ 30/29)6— o/s)]

which captures the universal features of the RG flow.

Fixed points have been found for many choices of gauge fixing conditions. For instance, using
Feynman gauge alongside with Litim’s optimized cut-off, S-functions in an arbitrary d spacetime
dimensions read[60]

_ (d— Q)QPQ
Py+4(d+2)g’

Br=(d—2+n)g= A (2.3.13)

& P+ 4(d+2)g’

where
Py = —16X3 +4)\%(4 — 10dg — 3d*g + d®g) + 4\(10dg + d*g — dg — 1)
+d(2+d)(d — 169 + 8dg — 3)g, (2.3.14)
Py =8\ — X\ —dg) +2.
The graviton anomalous dimension

B (d—2)(d+2)g
T a2y 20— 1)

(2.3.15)
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vanishes in d = 2 spacetime dimension, for diverging A\ or vanishing g. Realization of a non-
trivial gravitational fixed point imply 7. = 2 — d, which indicate that Newton’s coupling is
dimensionless in d = 2.

In the limit of vanishing A, the flow of the dimensionless Newton’s coupling become

(1 —4dg)(d—2)g

= 2.3.16
& 1+22—d)yg ’ ( )
for which two fixed points are realized:
Gtree =0 for  Ofree =2 —d,
§ 1 d—2 (2.3.17)
gsafe = @ for esafe = 2dm

For non-vanishing A, we can seek for non-trivial fixed point for which g, and £y in (2.3.13)
vanish simultaneously. For d > % (1 + v 17), a non-vanishing fixed point is realized at

d> —d—4—\/2d(d? —d—4)

2T (4 +2) (4m) %271
Y e = WP 2 2.3.18
safe 2(d*4)(d+ 1) ) gsafe 2 _d—4 safe ( )

In d = 4, the two critical exponents are complex, but with positive real parts, with similar values

to (2.3.9)

1
01 = g + igv 167 = 1.667 £ 4.308. (2.3.19)

Separatrix for flow 2.3.13 is shown in figure 2.3. That one can realize the low low energy physics
from the high energy analog makes the UV fixed point also suitable for the asymptotic safety
requirement.

g 3
crossover region gbound
2] (k ~ Mp)
i uv
0 IR
(k —0)

0 0.1 0.2 0.3
A

Figure 2.3: The separatrix in four dimensions. Some trajectories terminate at the boundary
Gbound- [60]

To make a comparism with the evidence from the 2 + ¢ expansion, let us take for instance the
flow equation arising from using de Donder gauge fixing parameters a = 1,8 = % —1=1in
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d = 4. The structure of the S-functions for type Ia regulator takes the form [61]

g? 11 — 18X + 28)2

=929 — Z—
’Bg 37T(1_2)\)2_1+10)\g’
1227T 3 107—20) (2320)
6)\:—2A+i374)\712)\ — 56\ +Tg.
67 (1—2x)2 - L0,

In the absence of cosmological constant, the analysis of the flow of the Newton’s coupling is
straightforward. The B-functions at the leading order takes the form

1142
By=-——% 194 (2.3.21)
3

This structure is the same to that we saw from the 2 + e expansion (cf. (2.3.1)) with the value

of v now % due to our analysis at d = 4 spacetime dimensions which corresponds to € = 2.

Figure 2.4 provides a clear picture of the realized fixed point of the flow and scale dependence
of the Newton coupling.

1.5F
0.5¢
— 1.0¢
o o
L% O_O‘eeFP AS FP O
0.5¢
-0.5f
1 1 1 1 1 0.0
0.0 0.5 1.0 1.5 2.0 105 10° 1013 10" 1021 102
G kIGeV

Figure 2.4: On the left is the flow of the S-function of dimensionless Newton’s coupling. A UV
repulsive free (red dot) and safe (purple) UV attractive fixed point are realized. On the right,
the scale dependence of the Newton coupling according. Scale invariance of the AS coupling
become obvious at energy of the order of 10'?GeV and beyond [52].

2.3.2 Beyond Einstein-Hilbert Truncation

Improving the truncation of the gravity action is necessary in order to show reliability of the
existence of asymptotically safe fixed point. In [62], the truncation subspace (2.3.3) was enhanced
to

1 w 1 0
grav — 4 _ _ 2 uvpo e
9 e®q] /d V=g <167r (—R + 2A) 3UR + 2UCWMC + 0E> (2.3.22)

where £ = R? — 4R, R*" + R, ,cR*P? is the Gauss-Bonnet term, which is essentially a
topological invariant term in d = 4 and thus, has no influence on the overall dynamics since
its variation with respect to the metric vanishes. As such, one can rearrange the action, so
that one just has to account for four essential couplings. In particular, a non-trivial fixed point
requires that none of w and 6 must be infinite and a combination of ¢ with any of w or § must
be non-zero.
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For this kind of theory, perturbative renormalizability is already a feature that makes quadratic
gravity very attractive at the expense of the appearance of a spin-2 massive ghost which may
spoil unitarity [20]. In the analysis, perturbative fixed points were recovered. In addition to
this, analysis shows that the inclusion of tensor structures such as R?, R, R, CppeC*P7 is
campatible with the existence of a non-trivial fixed point. In fact, it increases the number of
UV-attractive direction to three.

The appearance of the massive ghost is not peculiar to adding higher order of the curvature term
to the Einstein-Hilbert term. In fact, this scenario also occur if one considere gravity-matter
system to circumvent the situation. In particular, while the non-Gaussian fixed points in the
matter sector may even provide a higher predictive power[72], the non-vanishing gravitational
interactions may induce potentially dangerous higher-derivative terms, that are associated to
the Ostrogradski ghost and thus the violation of perturbative unitarity[73], into the fixed point
action. Thus, what remains is to verify the compatibility of asymptotic safety with perturbative
unitarity.

There are few attempts to catch this ghost. For example, more recently, a gravity-scalar system
was studied, where the truncation subspace (2.3.3) was enhanced by Nj scalar fields action

N,
1 - ,
T¥[p,g] = 222/(1496\/—9 o' [A+ kA?) . (2.3.23)
i=1
A =—-g"D,D,, Z is the wavefunction renormalization and & is a scale dependent coupling of

the higher-derivative contribution to the scalar propagator. In a Fourier basis, the associated
scalar propagator has the structure

1 /1 1
G(p) = Z (1)2 — 172+f€_1> , (2.3.24)
which features a massless state, and a Ostrogradski ghost state of mass m = x~! leading to
instability of the theory. Obviously, (2.3.25) suggests that pushing the mass of the Ostrogradski
ghost to infinity would lead to decoupling of the ghost from the theory. The study in [74]
shows that there exist a fixed point solution for which s, = 0 is realized for all Ng, thereby
implying such a decoupling of the ghost since its mass is ultimately pushed to infinity at the
fixed point. This suggests that a non-trivial fixed point would render the gravity-matter system
asymptotically safe and free of ghosts for now, it is not yet known if this analysis holds for a
more general type of gravity-matter system.

There are other studies involving truncations beyond Einstein-Hilbert whose interest is in check-
ing the relevance of the higher terms. For example, the effect of adding the Goroff-Sagnotti
two-loop counterterm[75]

res ~ /d4m\/—g Chp "ACex P7Cly M, (2.3.25)
to the Einstein-Hilbert truncation has been studied. The study in [76] shows that the C* operator

approaches a non-trivial fixed point in the UV and becomes irrelevant at the UV fixed point,
although in perturbation theory, it appears as a counterterm with a new free parameter.
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Physical Application

The Asymptotic safety paradigm has found various application in gravity. The structure of
quantum spacetime has been investigated([77],[78]), and departure from a smooth spacetime
manifold, that characterizes the formulation of classical gravity, is expected at short distance
scales. In particular, the scale k is identified with the scale of the geometry, so that the metric
is a scale dependent object. An interpretation of this is that, as we zoom into the spacetime
geometry associated with resolution k£ by dk, new spacetime geometry with the metric g, (k+0k)
appears. Asymptotic safety therefore suggests that there ought to exist an invariant system of
the world at some extremely high resolution scale where spacetime may be characterized by a
fractal-like structure, with spectral properties of spacetime changing on various typical length
scales[79].

That there should exist a scale invariant geometry of spacetime allows one to re-investigate
the structure of black hole([80]-[87]) and also gain insight about the final stage of black hole
evaporation([88]-[89]). Further application have been found in cosmology([90]-[97]).



Chapter 3

Black Holes in
Asymptotic Safety

General relativity breaks down in physically relevant settings, but this breakdown is a natural
feature of all classical gravity theories. For black hole solutions of d = 4 gravity theories,
the unavoidable classical singularity led to breakdown in future predictability and furthermore
conceptual issues in attempts to understand the final stages of black hole evaporation, where the
interplay between the singularity and Hawking radiation cannot be ignored. Regular black hole
solutions in d = 4 gravity theories have been proposed, with a basic aim of replacing the black
hole singularity with a nonsingular de-Sitter core, thereby inducing an inner horizon in addition
to the outer horizon [11]. However, it is not clear if such black holes are viable as the inner
horizon may be unstable against perturbation [18]. This suggests that we must look beyond
the effective field description of gravity in order to seek for a possible resolution of the classical
singularity — a fundamental theory of gravity to the rescue. Although it is not guaranteed,
such a fundamental theory would lead to a possible resolution to various pathologies within the
classical description of gravity.

Within the asymptotic safety paradigm, the exploration of quantum spacetime becomes possible
through the RG-improvement scheme. In this scheme, asymptotic safety encodes the quantum
effect in the gravitational effective average action I'y, which satisfies the exact Wetterich equation
(2.2.8). This feature allows to investigate the quantum corrections to classical physics by imple-
menting the effect of scale-dependent parameters either at the level of the classical Lagrangian,
classical field equations, or the classical solutions to the field equation. As a consequence, this
procedure has been exploited in the study of the structure and mechanics of quantum improved
black holes ([80]-[89])

In this chapter, we shall detail the practical RG-improvement schemes and use it to discuss the
developments and status of black holes within asymptotic safety paradigm.

3.1 Physical RG-improvement schemes

Starting from the Einstein-Hilbert truncation of the dynamics, there are two different approaches
to implementing the effects of scale-dependent parameters on black holes physics. One approach
is to renormalization group (RG) improve the classical black hole solution by promoting the clas-
sical coupling into scale-dependent couplings and then physically motivate a cutoff identification
that allows for meaningful extraction of the quantum gravitational effect. Another approach is

23
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to first obtain an improved gravitational theory that features scale dependent couplings and then
seek for black hole solution of the improved field equation[98]. While we shall briefly outline
the procedure of the second approach, our study will be based on the first framework. The
first approach was advocated in the first study of RG-improved black holes[80], and it has been
embraced in various other studies in gravity models, for example in cosmology (cf. [96]).

3.1.1 Solution of the Improved Field Equation

The procedure adopted here basically carries out the scale-setting of the system at the level of the
classical Einstein-Hilbert action. By promoting (G, A) to scale dependent couplings (G (k), A(k)),
the running action is

Tk[g] :/ d*zy/—g (Fi(; QGA’“ +£m> —1/6Md3x¢fh gk (3.1.1)

8

The corresponding quantum improved field equation is
G,W = _g;WAk: + 87TG]€TM, — Atwj, (3.1.2)

for which the coordinate dependence of the G may induce further contribution

1
At/u/ = Gk (g,ul/D - vuvu) GTC (313)
to the energy momentum tensor 7). (3.1.3) assumes that a scale identification of k with a
function of coordinate has been performed, such that V,Gj, # 0. By insisting on conservation

of the energy momentum tensor, V#T),,, = 0, one obtain the relation

w9, (L) 2, (4 <o o1

Equation (3.1.4) can in fact be used to derive a physical scale identification. Replacing the
k-dependence of the couplings by a r-dependence, we can demand for a spherically symmetric
metric (1.1.1) of (3.1.2), with the form

EG(r) Ur) ,

—— 3.1.5
T 3 " ( )

Jr)=1-2

where ¥ is assocated with the effective black hole mass, and I(r) is associated with effective
cosmological constant. One is then left with the task of solving independent differential equations
assocated with the ansatz (3.1.5) of (3.1.2). This procedure was explored in [99]. In particular,
a non-trivial solution of the improved field equations exist and it is dominated by the non-trivial
fixed point of the induced flow of the scale dependent field equation.

3.1.2 RG-scheme at the Level of Classical Solution

The RG-improvement in this scheme is based on renormalization group improves the classical
geometry at the level of the classical solution by using the beta functions obtained from asymp-
totically safe gravity to fix the scale-dependence of the parameters in the lapse function. The
basic steps entail the following:
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e The lapse function is a function depending on the coordinates and the coupling g;, i.e.
f(r,gi). Promote the coupling parameters to scale dependent quantities f(r,g;(k)). For
example, the geometry with lapse function (1.1.8) is of the form f(r, G, A). This procedure
results in a replacement G — G and A — Aj.

e The coupling parameters are in general dimensionful. We focus on their dimensionless
counterparts g;(k) = g;(k)k™%i, e.g. gr = k> Gg, A\, = k=2 Ay, through which their
corresponding [S-functions are expressed. In the fixed-point regime, the dimensionless
coupling parameters are computed. The linearized flow away from the fixed point takes

the form (cf. (2.1.18))
* o k ~fe

e The proceeding steps introduce a running RG-scale & into the lapse function, i.e. f*(r, g}, k,0q).
We want the lapse function at the fixed point be scale invariant, and thus, independent of
the scale k.

e The RG-improvement procedure then associates the scale k with a physical cutoff scale
of the system. The relevant scale identification must be physically motivated. Once
motivated and adopted, the fixed point lapse function of the quantum improved geometry
is a pure function of r. With the exception of the coupling parameters which assume
non-trivial values at the fixed point, the remaining parameters are free. Some of them are
determined in the Infrared regime.

Our next aim is to physically motivate the relevant scale identification.

3.1.3 Physical Scale Setting

To physically motivate the cutoff identification, one needs to recognise the relevant degrees of
freedom that encodes the scale dependence in the system. Earlier, we encountered the Newton’s
coupling G as a function of k, rather than r. We then introduce a function R as the regulator.
While the regulator is a priori not physical, in many systems, external physical scales serve as
an effective infrared regulator. For instance, the curvature scale can act as an effective cutoff
scale, such that higher curvature means effectively larger momentum scale. We will assume that
quantum effect become relevant near the singularity, such that one should associate k with a
function of r. Note that the high degree of symmetry of the Schwarzschild black holes explicitly
singles this out as a unique scale identification since all physical scales are function of 7.

It is obvious that the coupling parameters are related to the scale k through their promotion to
scale-dependent quantities, but the scale itself should be related to a physical cutoff scale. We
will work here with k(r). It has been advocated that this identification must be a diffeomor-
phism invariant one [80], so that it preserves the symmetry of the classical configurations arising
from the classical field equations.We should thus construct k(r) in a way that it embodies the
requirements of coordinate invariance.

Let us emphasize here that asymptotic safety put a restriction on the form of any consistent scale
identification. This consistency condition can be seen directly from (3.1.4), which is tantamount

to (cf. [100]) , /
R (LY () <o 510
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where the primes denote derivatives with respect to k. At the non-trivial fixed point, the Newton
coupling and the cosmological constant scale as g = k? G, A, = k=2 Ay, so that (3.1.6) yields
an identification

R =4\, K, (3.1.7)

at the fixed point regime. This kind of identification is similar to the ansatz, R = £ k? proposed in
[101]-[104] and it is expected that this identification continues to dominate at the UV fixed point.
This could in fact set a consistency requirement for any well motivated scale identification.

In [80], a scale identification of the form
(3.1.8)

was motivated from the RG based computation of the Uehling correction to the classical Coulomb

potential, V(1) = 46727,, where the charge e? was replaced by its scale-dependent analog,
2(k
(k) = ka() 0) —, (3.1.9)
e?(ko
1-— 6 ln <%)

and the IR renormalization scale identification k ~ r—1

improved Coulomb potential

was adopted, leading to the quantum

V(r) = el 626(7]1;“ (&) +oe) | (3.1.10)

¢ is a constant parameter to be fixed by physics argument. Obviously, in the case of a black
hole, d(r) must be a coordinate invariant quantity for the scale identification (3.1.8) to satisfy
the requirement that it must preserves the symmetry of the classical configurations. In the
following, we list scale matchings motivated in the literature.

e In [80], k¥ was matched with the inverse of the diffeomorphism invariant proper distance
d(r), measured from a coordinate r to the center of the black hole along a radial curve C.
Obviously, there are infinitely many such curve C. In this case, dt = dfd = d¢ = 0. As
such, d(r) is defined as

d(r):L\/|ds2\ (3.1.11)
:/Ordr’ | fa (712 (3.1.12)

An alternative to this identifies the cutoff with the proper time measured by a freely falling
observer. This identification lead to a similar result.

A conceptual issue with this is that d(r) is not well defined at the event horizon where
f(r) = 0. Furthermore, the radial curve C cannot be well tracked in the high curvature
regime since there is geodesic incompleteness in such region of spacetime.

e In [84], some distance functions d(r) were introduced. In particular, dimensional anal-
ysis was used as a guide. First notice that the identification (3.1.8) assumes that, for
dimensional reason, the RG scale k should vary inversely with the physical distance scale
d(r). Therefore, by dimensional analysis, one could write down a more general matching
between k and d(r), with d(r) defined as

d(r) = cy r57+1 7, (3.1.13)
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where r( is the classical horizon radius, so that
—+1 5 f
T rY, for r <,
d(r) < {° 0 (3.1.14)
T for r > 7.

¢y is a positive constant and v controls the scaling power law. The requrement (3.1.8) takes
into consideration the asymptotic limit » — oo as well as the scaling in the singularity
regime. A similar ansatz of this form has been proposed in [105] where an identification

k(r) _ <(I)Newt)7’ (3.1.15)

ko ol

was physically motivated to study galaxy rotation curves from RG correction. It was
in fact shown in [106] that this identification is what one should expect for spherically
symmetric astrophysical objects. Using the leading order term in the Newton’s potential
DNewt, one will arrive at similar scaling (3.1.14).

e Notice that rg will in general feature the infrared Newton coupling Gy. One can in fact put
the whole scale identification procedure in a more general form, still by using dimensional
analysis as a guide. For instance, one could write down an identification of the form

d(r) = ¢, G(r) 7L A(r) =0 17, (3.1.16)

which includes the effective Newton coupling G(r) and the cosmological constant A(r).
For any scaling of this form, it is sufficient to demand its self-consistency by requiring that
the corresponding RG-improved spacetime geometry satisfies the scaling R ~ k? in the
fixed point regime (cf. (3.1.7)). The scaling R ~ k? should, at least, be expected for any
well motivated scale identification.

3.2 Renormalization Group Improved Black Holes

RG-improvement of asymptotically flat black hole solutions have been investigated to some de-
tail. In [80], the structure of an asymptotically safe Schwarzschild solution was investigated.
This investigation was extended to the Kerr solution in [83]. Away from asymptotically flat
solutions, the cosmological constant was introduced into the classical solution, so that the struc-
ture of the corresponding Schwarzschild-(A)dS black hole was investigated[85]. Here, we shall
present the basic findings of the investigation of the RG-improved Schwarzschild-(A)dS black
holes. This is expected to fully capture our motivation towards our study.

The classical Schwarzschild-(A)dS black holes was presented in (1.1.8). As a reminder, it features

the lapse function
2GoM 1

flr)=1 - ghor” (3.2.1)

r
so that the spacetime solution is

Schwarzschild-AdS for  Ap <O,
Schwarzschild for Ao =0, (3.2.2)
Schwarzschild-dS for Ay > 0.

Notice that Gy and Ag are the infrared values of the Newton’s coupling and the cosmological

constant, i.e. they are associated with k — 0. The corresponding Kretschmann invariant of this
solution is
48G3M?  8AZ
_|_
76 3
which indicates that the class of solution has a curvature singularity at r = 0.

Urvpo

’CSchw—(A)dS(T) - R,uupch (3.2.3)
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3.2.1 RG-improved Schwarzschild Solution

The classical Schwarzschild solution is simply characterized by it mass M. Its lapse function
is f(r) =1-— m%M We shall now follow the step-by-step RG-scheme at the level of calssical
solution. First, we promote the coupling Gg into a scale-dependent quantity. The effective lapse
function becomes

fe(r)=1- QG;fM- (3.2.4)

The effective lapse function features the running of dimensionful Newton constant, which ac-
cording to (2.3.12), is captured by

_ Go
=k gp=— 2.
Gk 9= 17 0 Go i (3.2.5)
whose asymptotic behaviour in the IR and UV regime is given by
Go — w Gok? k—0
G Q70790 for ’ (3.2.6)
1/(w k?) for k— o0

The RG-scale k is then identified with the proper distance d(r), which according to (3.1.11),
lead to an asymptotic behavour

a(r) r+ O for r>2GM, (3.2.7)
T) = P r<n
% réoMr‘;/Q + O(r5/2) for r<2GM

The full asymptotic behaviour (3.2.13) can be captured by an interpolating function

d(r) = <7“+QTZ()]W>1/27 (3.2.8)

where ¢ is a free parameter. This doesn’t change the qualitative properties of the RG improved
black hole for ¢ > 0. For o = 0, one returns back to d(r) = r. For large r, one recovers

d(r) = 132 /\/oGoM + O(r%/?), setting o = 9/2.
Inserting the identification (3.1.8) into (3.2.5), one obtain,
Go’r‘3

G(r) = 15 Go(r + 0 Go M)’ (3.2.9)

where & = w¢2. The asymptotic limit of (3.2.9) is given as

_ % -3
G(T)—{GO g +O0(r7) for r— oo, (3.2.10)

3
ao0e T O(rt) for r—0
The asymptotic behaviour r — oo has, in fact, been used to obtain the leading quantum correc-

tion to Newton’s potential @ (r) = —M of two point sources my and mo, by promoting the
infrared Newtong coupling Gy to G(r). Reinstating A, the RG-improved gravitational potential

reads )
G0m1m2 - Goh Goh
Pimnp (1) = ————— <1 —055+0 <T2> ) (3.2.11)

This fixes © = %(cf. (2.0.1)).
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Returning back to improving the classcial Schwarzschild solution, Gy in (3.2.5) has been iden-
tified with G(r) in (3.2.9). The resulting improved lapse function is

2G0M7"2

i =1- 3.2.12
flmp(r) T3 + o GO(T’ + 0 GO M)? ( )
whose asymptotic behaviour is given by
£r) 1-— QGTOM (1 — &%) +O(r ™), Large distance regime, (3.2.13)
r) ~ -4
1-— GQOT;J +O(r3) Short distance regime.

In the following, we summarize the essential geometric features of the RG-improved Schwarzschild
black hole.

e In the large distance regime r — 00, the leading quantum correction to the classical
solution appears at order 3. The effective classical lapse function correctly recovers the
leading correction to Newton’s potential (compare (3.2.11)):

iy () = f(T)Q_l (3.2.14)

e The improved black hole solution has similar properties to the Hayward black holes[11].
In the small distance regime r — 0, it features a regular de Sitter core with effective
cosmological constant Aeg = 6/(Goow) > 0. The regularity is made obvious from the
finite value of the invariant Kretschmann scalar
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= ——. 3.2.15

Icgchw (T) = RHVPURMVPU

e As one can observe from figure 3.1, the position of the horizon depends on how the mass
of the improved solution compares to the critical mass M, = /@w/Gy = \@Mpl. Hence,
for M > M., the horizon radius is at

ry = GoM (1 VI Q) , (3.2.16)
with Q = (M/M)?, so that the improved solution features,

two horizons at r4 > r_ for M > M,
one horizon at ry =r_ = wGy for M = M., (3.2.17)
no horizon for M < M.
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The lapse function f(r) for various mass values;The red line shows fqass(r) of the classical Schwarzschild metric
f(r)

10+ M < Mer)

| .
L (classical)

Figure 3.1: The RG improved lapse function f(r) for various mass values.

e One can investigate the final state solution of evaporation by studing the Bekenstein-
Hawking temperature (1.2.3). The temperature is given by

hk 1
T = 5 — 7 UrJim
BH = 5 4778 Jimp(r) s
V1 = Q) M,
_ 3.2.19
1++v1-Q4drw ( )

RIS ORI C R

As Q — 1, ie M — M., the temperature vanishes. This is depicted clearly in figure 3.2.
This suggest that the extremal solution M = M, leave a cold remnant of the evaporation,
and Hawking radiation stops when the mass of the improved black hole solution is critical.

(3.2.18)

with large mass expansion

1
- 87tGoM

Tu

e Further investigations on the spacetime structure of evaporating black hole within the
RG-scheme are detailed in ([88],[89]).

Having detailed the essential features of the improved Schwarzschild black hole which feature a
de sitter core, one asks if this conclusion holds when cosmological constant is introduced into the
system. Indeed, even if cosmological constant is set at zero in the microscopic regime, one expects
that a non-trivial cosmological constant should be generated along the RG trajectory. The
generalization to a cosmological constant, that is present at all scales, underlies the investigation
n [85]. We shall present the construction of this corresponding improved solution and discuss
the essential points we learn from it.
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Figure 3.2: The Bekenstein-Hawking temperature of the quantum improved black hole. Evapo-
ration stops, leaving behind a finite cold remnant.

3.2.2 RG-improved Schwarzschild-AdS Solution

For non-vanishing cosmological constant, the Schwarzschild-(A)dS black hole has been shown to
be stable against linearized gravitational perturbations[107]. It features a spacetime singularity
at = 0 (cf. (3.2.3)) and its event horizons are located at the zeros of (3.2.1). The zeros
are

ro=—-R/3 - %RW : (3.2.21)
and '
ry = 1 (1 + z\/§> R/3 — MRW , (3.2.22)
2 2A¢
where
R = 3GoMA] + \/9G2M2A§ — A3 (3.2.23)
Thus, the event horizons are located at
o for  Schwarzschild-AS,
r4 for M < m,Schwarzschild—dS (3.2.24)
no horizon for M < My, = m

RG-improvement proceeds in a similar fashion as the Schwarzschild case and the investigation
of the structure of the improved black hole at the UV fixed point follows straighforwardly.
Starting from (3.2.1), we promote the Newton’s coupling and the cosmological constant to their
scale-dependent analog, so that the effective lapse function is

— — At (3.2.25)
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The RG already provides us the scaling behavior of (Gg, Ax) at high energies. The behaviour
at the non-trivial fixed point is

lim G =k 2g,,  lim Aj = k2)\,.
k—o00 k—o00

This will change the classical black hole geometry into

2g. M 1

O Sh(r) A, (3:2.26)

felrs k(r)) =1

The dependence on k(r) has now appeared, while g, and A, are both dimensionless. The
completion of the improvement now follow from the scale identification. The investigation here
still follows from the identification (3.1.8) with d(r) taken as the proper distance.

The infrared part of the analytic behaviour of d(r) is completely fixed by the cosmological
constant Ag. Depending on whether the solution is anti-de Sitter or de Sitter, the leading order
term of the analystic d(r) is given as

A% sin~! (w/%o r) for  Ag >0,

dir(r) =~ r for Ay =0, (3.2.27)
A% sinh™! <\/—1§° r> for Ay >0.

However, the UV behaviour of d(r) is independent of the cosmological constant Ay, rather, it is
completely fixed by the mass M and the infrared Newton’s coupling GGg. This is given as

2 1 4 3 ,
R TN A . 2.2
dov(r) =3 " ( 10 2G0M> +0(7) (3:2:28)

Inserting the leading order term of (3.2.28) into (4.2.16), the improved spacetime geometry is
associated with the lapse function

GoM 4g,
fur)=1-2 : (iA*§2> — % <3GZ£2> r?. (3.2.29)

The structure of the improved lapse function is the same as that of the its classical analog. In
particular, the scale identification basically switches the r~! term which features the classical
Newton’s coupling for the r? term that features the cosmological constant, and vice versa.

In summary, the quantum improved Schwarzschild-AdS black holes feature the following char-
acteristics:

e there exists a critical mass

2 1

Ag = Myég = — ——, 3.2.30
c erbor = 3 N V30 ( )
such that, the improved Schwarzschild-AdS solution features

two horizons at for  ME < Ag,

one horizon at for ME = Ag, (3.2.31)

no horizon for  ME > A,

This shows that for a sufficiently light Schwarzschild-AdS black holes, a new horizon
emerges in the improved solution. To see this clearly, we provide a plot in figure 3.3,
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showing the improved lapse function of the classical Schwarzschild-AdS black holes for
different mass values. The relationship of the mass to the parameter £ is further shown in
figure 3.4.

Figure 3.3: The RG improved lapse function of the classical Schwarzschild-AdS black holes for
different mass values. The curves are obtained for UV fixed point values (g, As) = (0.403, 0.330)
in (2.3.9) and for Go = 1, £ = 1, Ag = —0.001.

Figure 3.4: The RG improved lapse function of the classical Schwarzschild-AdS black holes for
different values of £. The curves are obtained for UV fixed point values (g, A«) = (0.403,0.330)
in (2.3.9) and for Go =1, M =1, Ag = —0.001.
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e The RG-improved solution has a similar structure to its classical counterpart. In the short

0.8 -

0.6 -

0.4+

0.2+

distance regime, the Kretschmann invariant reads

. e ABGEMZ (3 \? 8 ([ 4g. \?
lCSChw—(A)dS(T) :R/.U’pa'Ru P — T <4)\*§ +§ 3G0§2 (3232)

For a vanishing UV fixed point value of A\, the RG-improved geometry is regular. However,
for Ay # 0, RG-improvement does not provide any resolution to the classical singularity
as the Kretschmann scalar still diverges as r~® (see figure 3.5). This is very different
from the conclusion in the case of asymptotically flat Schwarzschild solution (cf. (3.2.15)).
Thus, this suggest that the inclusion of cosmological constant spoils the regularity of the
quantum improved geometry. The severe change under the inclusion of the cosmological
constant could imply that the physical consequencies of the fixed point scaling of A have
not yet been fully understood. Moreover, such a significant change under the inclusion of
A points towards an insufficiency of the Einstein-Hilbert truncation. In order to achieve
robust results, more extended truncation would be required.

— (RG-Improved Schwarzschild-{A}dS

L . . . . L . . . . I . . . n T . —r (Classical Schwarzschild-{A}dS)
5

Figure 3.5: Kretschmann invariant of the classical and improved Schwarzschild-AdS black hole
solutions. The curves are obtained for UV fixed point values (g«, A\«) = (0.403,0.330) in (2.3.9)
and for Go = 1, M = 1, Ag = —0.001, £ = 1.

e Nevertheless, there is an important lesson we learn from this, and in particular, the

exchange of the 7~! term for the r? term. One notes that in the absence of the cos-
mological constant where one start with just the classical Schwarzschild solution, i.e.
f(r) = 1 —2GoMr~!, the RG-improvement exchanges the r~! term into r2, and the
improved solution with lapse function

fulr)=1— é <32€)22> r? (3.2.33)

is ultimately de sitter since the effective cosmological constant is strictly positive at the
fixed point:

= 2.34
eff 3G0€2 > O (3 3 )
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This is true since both the IR and UV wvalues of the Newton’s couplings Gy and g, are
strictly positive.

This suggests that, in d = 4, any classical asymptotically flat solution in the Schwarzschild
family is effectively de Sitter at the asymptotically safe UV fixed point of its renormalization

group flow.

We also note that the effective A% is independent of the fixed point value of the dimension-
less cosmological constant \.. Therefore, even when one finally include any cosmological
constant Ag into the classical solution, the effective cosmological constant A’; remains
free of Ay and as long as Gy and g, remain positive, the spacetime at the UV fixed point
continues to be Schwarzschild-de Sitter. This statement continues to be valid even when a
gravity-matter system is considered, where the value of A, may be driven to be negative.

This suggests that, in d =4, any classical asymptotically Schwarzschild-(A)dS solution is
effectively Schwarzschild-dS at the asymptotically safe UV fized point of its renormalization
group flow.

On the other hand, supposing that one starts with a purely (A)dS spacetime with vanishing
M, i.e. this is not a black hole solution but just a classical asymptotically (A)dS spacetime
with lapse function

fry=1- %AOTQ. (3.2.35)

This is a singularity-free spacetime solution of the Einstein field equation. Now, using a

scale identification k(r) = % which is associated to the proper distance on this spacetime,

the RG-improvement procedure leads to a finite Riemann curvature tensor. However, the
Ricci scalar diverges to order 7—2 and the Kretschmann is
244
40%

K?A)ds(r) = Ryype RM"7 = 9 A (3.2.36)

which diverges to order r—%. While the classical (A)dS spacetime solution (3.2.35) is
singularity-free, singularity is generated from the solution at the UV fixed point of its
renormalization group flow. This is in fact the origin of the singularity that persists at the
UV fixed point of the RG flow Schwarzschild-(A)dS family.

This analysis hints at the conclusion that, in d = 4, any classical asymptotically (A)dS
spacetime of the type (3.2.35) is effectively singular at the asymptotically safe UV fized
point of its renormalization group flow.
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Conclusion and Outlook

In conclusion, while quantum gravity effect remove the physical singularity in the Schwarzschild
geometry, the singularity is inevitable in the full Einstein-Hilbert truncation including a cosmo-
logical constant. Thus, if the resolution of pathologies featuring in classical gravity is set as a
viability criterion for any quantum gravity theory, then one must appeal to black hole solutions
beyond the Einstein-Hilbert truncation. Classical black hole solutions in a higher gravity ac-
tion truncation are technically daunting to solve and their improved geometry is expected to be
different from those we see at the level of the Einstein-Hilbert truncation.

In spite of the challenges at hand, there is still more to study at the level of Einstein-Hilbert
truncation, namely, one can seek for a bound on the critical exponent for which the black hole
singularity is resolved. Indeed, all our investigations so far are based on studies at the fixed
point g*, however, the behaviour of the dimensionless coupling away from the fixed point regime

at the linearized level,
AN
AR WA (5)

features the universal critical exponent 6, which could in turn be restricted by the requirement
of singularity-free asymptotically safe black holes.



Chapter 4

Quantum Gravity Bound
on the Critical Exponent

The field theoretic renormalization group has proven to be very illuminating for physics. Various
scaling laws associated with phase transitions at criticality have been found. Indeed, the RG
implementation has led to the extraction of qualitative information on the corresponding uni-
versality classes [108]-[110]. Critical phenomena of physical systems are characterized by fixed
points, the later of which also underlie asymptotically safe quantum field theories in high energy
physics.

Diverse RG based physical studies have shown the relationship between critical phenomena and
QFT. By standard scaling arguments, it is possible to determine the behaviour of correlation
functions and some local and nonlocal observables through their renormalization group behavior
that is controlled by the universal critical exponents. In 2.1.2, we introduce the local behaviour of
the RG flow in the neighbourhood of the fixed point g;. The scaling solution of the dimensionless

coupling is
A
gi=g +> CaV <k0> , (4.0.1)

which features the critical exponent 6,, for which classification of scaling eigenvectors v; are
based (see table 2.1). Furthermore, we showed that the universal critical exponents 6; is related
to the canonical mass dimension dg, of the coupling, wherein we obtain the relation

on: (o
0; ~ dg, — %(gl) : (4.0.2)
8i lg=g;
where 8”57?") is called the anomalous dimension around the UV fixed point. The running
gi=g;

of the anomalous dimension stops at the fixed point and the realized critical exponents guaran-
tees universality. We further emphasize that the critical exponents associated to the non-trivial
fixed point of asymptotic safety receive extra contribution from the anomalous dimension. Nev-
ertheless, (4.0.2) suggests that the canonical mass dimension will continue to dominate, unless
quantum effect becomes very large.

In d = 4, the value of the universal gravitational critical exponent have been extracted through
several techniques ranging from the 1-loop perturbative 2 4 € expansion[67] to exact renormal-
isation group approach[58] and from lattice gravity [111]. We already saw those from exact

37
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renormalisation group approach in (2.3.9). Table 4.1 summarize the main results from other
approaches.

We will explore the implications of demanding a regular black hole solution on the critical ex-
ponent. Indeed, we saw in the last chapter that, if the microscopic fixed point value of the
dimensionless cosmological constant vanishes, the classical singularity is ultimately resolved.
This provides an avenue to seek for such bound since it enters directly into the full curvature
invariant in the fixed point regime. Before we embark on this, we shall outline the renormal-
ization group scaling relation for gravity and provide the main results of studies of the critical
exponents from some approaches to quantum gravity. This will allow for s robust analysis of
our result.

4.1 RG Scaling Relations for Gravity

In the infrared regime, gravity is very weak, in the sense that the Newtonian gravitational
potential is small. For example, throughout the solar system, the geometry of spacetime only
deviate a little from flat Minskowski space. The effective field theory approach capture the
behaviour of gravity in this regime. In the very strong gravity regime, one expect depatures
from flat Minkowski space.

Aymptotic safety suggests that fundamental structure of quantum spacetime depart from the
classical Minkowskian picture of the classical spacetime, and spacetime may be characterized by
a fractal-like structure at criticality, with spectral properties of spacetime changing on various
typical length scales [79]. The fractal-like properties are linked to a scale-invariant fixed point
regime. The fixed point can be interpreted as implying that quantum gravity in d = 4 exhibits
a phase transition in the Newton’s coupling between two physically different phases at critical
coupling G, so that spacetime is smooth in the infrared and becomes fractal-like at criticality
and beyond.

The existence of the phase transition in G lead all the way to the ultraviolet fixed point of the
renormalization group flow of GG, where the dimensionless Newton’s coupling takes a non-trivial
fixed point value. For example, in the 2 4 e-expansion, the structure of the flow equation of the
dimensionless Newton’s coupling g = k¢G is given as

— 2

for which fixed points appear at

g" =0 (Free) and ¢* = < (Safe for v > 0).
v
Integrating (4.1.1) in the neighbourhood of the nontrivial fixed point, one obtains

A g
/ dlnk::/ B, 'dg,

where m is a constant of integration with dimension of mass, related to the scale below criticality
and A is the cutoff scale beyond criticality. This results in a mass scaling

g !
m = A exp (/ ﬁg_/ldg/> i A |ge — g Pae. (4.1.2)
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The physical mass scale m is expected to play role in determining the qualitative scaling correc-
tions. In the fixed point regime, the derivative of the S-function defines the critical exponent 6,
which is the eigenvalue of the stability matrix (see (2.1.12)). Therefore 3, = —6. In this way,
we would have

m ~ Alg.—gl"". (4.1.3)

9g—9c

One can then identify this scale with the inverse of the gravitational correlation length
(=—, (4.1.4)

or some scale associated to curvature. This allows us to define the nonperturbative correlation
length

(Mg =mlg) ~ Alge— gl (4.1.5)

g—gc
There is a similar analogy in lattice approach to quantum gravity, where the nonperturbative
correlation length is defined as

C(k) 2 A ke — k7Y, (4.1.6)

where k1 = 871G, A¢ is the correlation length amplitude and v is the correlation length exponent
characterizing the divergence of ¢ in the critical regime [111]. What follows is then that, (4.1.5)
and (4.1.6) relates the critical exponent 6 from continuum asymptotic safety to the critical
exponent v in the lattice setting according to

g1 (4.1.7)

v

Accordingly, one can compute the local average curvature using
1 o
V(/ dx /=g R) = R(k) L AR ke — k|1 (4.1.8)

where V is the d-dimensional volume and R is the scalar curvature. The integration is done over
spacetime, with all quantities in units of the lattice spacing @ = A~'. The curvature correlation
function is given as

-D/¢ D
(V=9R(z) V=9R(y) 6(|z — y| — d)) ~ {;wl/w o for >>1§7 <

7(y) dCr dcv
D — mi dry] g ()25 41.1
(evle) = min [ dry o GG (11.10)

is the distance between points  and y in the background geometry.

(4.1.9)

where

By relating the quantum curvature average in (4.1.10) to the physical correlation in (4.1.6), one
obtains an equivalent result for local average curvature as

RO~ v, (4.1.11)

The following table 4.1 provides estimates of the leading universal gravitational critical exponent
0 from various approaches in d = 4 and d = 3 spacetime dimensions. This includes some
estimates from the 2 4+ € expansion up to 2-loop order, exact renormalization group approach
and those from the euclidean lattice quantum gravity.
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Gravitational critical exponents
QG APPROACHES IN d =4 CRITICAL EXPONENT 0 = 1/v
Perturbative 2 + ¢ expansion at 1-loop 2 [112, 113]
Exact Renormalization Group 1.941 [58], 8/3 [60], 3.35 [117].
Geometric argument on Lattice d—1=3 [114, 115]
Euclidean Lattice Quantum Gravity 2.997 [116].

Table 4.1: Gravitational scaling exponent from different quantum gravity approach

Within the asymptotic safety paradigm, a fixed point exists in the d > 4 pure gravity system.
However, the universal scaling exponent seems to be increasing with increase in spacetime di-
mension [118]. Table 4.2 shows the real part of the gravitational critical exponent associated
with the non-trivial fixed point for the Einstein-Hilbert truncation in more than four dimensions,
using the following momentum cutoffs:

Ri(y) = K*r(y) (4.1.12)
with dimensionless cutoff profile
Texp(Y) = ﬁ, Exponential cutoff,
Tmexp(Y) = W, Modified Exponential cutoff I (4.1.13)
Tmod(y) = exp[(c(er(bil)yb)/b)],y Modified Exponential cutoff II.
Topt(y) = b(1/y — 1)8(1 — y), Litim optimized cutoff.

The momentum cutoffs include the sharp cutoff for b — co. Numerical values are independent
of large b, while they depend on small b. Thus, there is a bpoyng to avoid such a dependency of
the numerical value on regulators.

Gravitational critical exponents in extra dimensions
REGULATOR| CRITICAL EXPONENT ¢
Texp(Y) 1.53 2.83 4.60 6.68 9.03 11.6 14.5 17.6
T'mexp () 1.51 2.80 4.58 6.71 9.14 11.9 14.9 18.2
Tmod (Y) 1.51 2.77 4.50 6.54 8.86 11.4 14.2 17.3
Topt (Y) 1.48 2.69 4.33 6.27 8.46 10.9 13.5 16.4
n 0 1 2 3 4 5 6 7

Table 4.2: The leading ritical exponents in d = 4 + n dimensions for various momentum cutoffs
[118].

We shall now investigate whether the two leading critical exponents, associated to the two
eigendirections of the fixed point, in the (g, A\)-plane, can be bounded from below or above by
demanding regularity of the RG-improved black hole solution.
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4.2 QG Bound on 6§

We start by recalling that the critical exponents (2.1.19), that characterize the local behaviour
of the RG flow, can in general be C-values, so that a pair of the critical exponents assumes the
form

0o =Re(0,) £i Im(6,). (4.2.1)

Thus, for a pure gravity action projected on the Einstein-Hilbert truncation (2.3.3), where 6;
and 0, are associated with the scaling behaviour of the dimensionless Newton’s coupling and the
cosmological constant at the UV fixed point regime, one can essentially distinguish between two
classes of the critical exponent. While Class I critical exponents are those for which 6 2 € R,
Class 1I critical exponents have non-vanishing imaginary part and form a complex conjugate
pair

91’2 =01 t1 09, with 01,02 € R. (4.2.2)

The real part controls the amplitude of the dimensionless counterpart of Newton’s coupling and
the cosmological constant, while the imaginary part controls the the spiral nature of the RG flow
in the fixed point regime. We shall now proceed in investigating them one after the other.

4.2.1 Class I: Real Critical Exponent

For the class 012 € R, the solution (4.0.1) to the linearized approximation (2.1.15) can be
expressed as follows for the dimensionless Newton’s coupling g, = k% G, and the dimensionless
cosmological A\, = k=2 Ay:

—01 —02
9k = O« + Cl’U% <k%) + CQ’U% (%) y

4.2.3

M=t (£) " e (£) 2
The validity of this solution is at the linearized order beyond the fixed point regime, i.e. pre-
sumably below the Planck length ¢, = 1 (in planck unit). At distances larger than the Planck
length, r» > ¢,,, these solutions no longer represent the solution flow from the fixed point regime,
as higher orders in the expansion of the S-function around the fixed point start to play a role.
As such, we shall keep trusting our result within a distance scale less than or equal to the Planck
length, r < £,,.

Without loss of generality,

E\ % AN
gk = g« t+ 1 <k‘0> + co <k‘0> , (4.2.4)
and
k% k%
Ak = A +di <> +do <> . (4.2.5)
ko ko

for some c12,d1 2 € R. For brevity, we shall set kg = 1. This doesn’t change the conclusion of
our investigation. Let us now consider again the entire RG procedure of section 3.2.2. At the
macroscopic regime, the cosmological constant may be very small but relevant, so that we may
start with the Schwarzschild-AdS Black hole. The modification in the calcution now entails that
the scaling behavior of (G, Ax) in the fixed point regime is given by

G = k=2 |:g* + Clkfel -+ CQkieQ] (4.2.6)
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and
A= K2 A+ k™ + do ™| (4.2.7)

This identification will change the classical Schwarzschild-AdS black hole geometry into one
associated with the effective lapse function

2M
k2r
Now, using the scale identification (3.2.28), the spacetime geometry in the fixed point regime is
characterized by the lapse function

1
Fulr k(r) =1 — (g* ekt g CQk—@) — Sk ()\* Fdik 4 dgk_QQ) (4.2.8)

2 —6; —o,
0= 1= g oo (S ) T g (ST
0 r r
(4.2.9)
0 2
3GOM§2 61/29—01 f\/GoiM ! 02 /24—6 g\/m 2
Ty (M T2 () 2T 2

The behaviour of this improved lapse function is depicted in figure 4.1 and 4.2. The figure show
the cases of vanishing and non-vanishing value of microscopic cosmological constant A, and of
various combinations of the critical exponents. We study the existence of horizon as well as the
fate of the curvature singularity.

Non-vanishing A,
fi(r)

0.5
L (61=62=3)
1 L L L 1 L L L L L L 1 L n L 1 /;
0.2 0.4 0.6 0.8 1.0
~(61=62=2.42)
-0.5
\ (61=62=2)
-1.0+ X(e1=92:1_5)
-1.5
-2.0
S2O8

Figure 4.1: The RG improved lapse function of the classical Schwarzschild-AdS black holes for
various combinations of the real critical exponent ¢ 2. The curves are obtained for UV fixed
point values (g., Ax) = (0.403,0.330) in (2.3.9) and for M =1, Go =1, =1, ¢; =d; = 1.

e For A, # 0, we observe that it takes about 6; 2 = 2.42 for event horizons to appear in the
microscopic black hole, and this black hole deviates from the classical Schwarzschild-AdS
solution. For 612 > 2.42, the black holes continues to have no more than two horizons.

e For the case A, = 0, this solution is covered by an event horizon for some combinations
01,2 > 0.73. The solution appears asymptotically flat as the critical exponents increase.
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Figure 4.2: The RG improved lapse function of the classical Schwarzschild-AdS black holes for
various combinations of the real critical exponents 61 2. The curves are obtained for UV fixed
point values (gi, Ax) = (0.403,0.00) in (2.3.9) and for M =1, Gy =1, =1,¢; =d; = 1.

Figure 4.3: The inverse of the RG improved scalar curvature of the classical Schwarzschild-AdS
black holes for various combinations of the real critical exponents 01 2. The curves are obtained
for UV fixed point values g, = 0.403 in (2.3.9) and for M =1, Go=1,{=1,¢;, =d; = 1.
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e We compute the curvature scalar to investigate the combination of critical exponents
required to have a well defined curvature at small distances. The scalar curvature is given

by
—01—02
_ L iee (§VGM = 4.2.10
Rolr) = 3o gaa® = =,(r) (4.2.10)
where

EVGoM

r3/2

5\/G0M> 61

01462
) + doGE30173202/29, (39, 4 2) M £* < s

§\/G0M) o

+ 128, 3011023 <

019243 (992 3
+¢3"1272 7 (363 + 146, + 16) r ( T

(4.2.11)

e First, we notice that this fixed point curvature is independent of the microscopic value
of the cosmological constant. This is in consonant with our ealier observation that the
effective cosmological constant is free of the microscopic cosmological constant. The inverse
of the curvature scalar is plotted in figure 4.3. It turns out that the regularity of the scalar
curvature is realized only for 6 2 > 2. Below this scaling exponents, the curvature diverges
as r — 0 since the inverse of the curvature is ultimately driven to zero in this case.

Real critical exponent and non-vanishing A,
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Figure 4.4: The inverse of the RG improved Kretschmann invariant of the classical
Schwarzschild-AdS black holes for various combination of the real critical exponents 61 2. The
curves are obtained for UV fixed point values (g, Ax) = (0.403,0.330) in (2.3.9) and for
M:LGO:l,gzl,q:dizl.
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Figure 4.5: The inverse of the RG improved Kretschmann invariant of the classical
Schwarzschild-AdS black holes for various combination of the real critical exponents 6.
The curves are obtained for UV fixed point values (g«, Ax) = (0.403,0.00) in (2.3.9) and for
MZl,GoZl,fZl,Ci:di:L

The Kretschmann invariant R, ,,R''P?, which measures gravitational field strength is
important for our analysis. Its full expression is provided in Appendix II. However, what is
important for the moment is their behaviour at small distances. This behaviour is depicted
in figure 4.4 and 4.5, where we have show the cases of vanishing and non-vanishing value of
microscopic cosmological constant A, and for various combination of the critical exponent.

First for A, # 0, the inverse of the improved Kretschmann invariant goes to zero for
all scaling exponents 601 2. This re-establishes the fact that a non-vanishing microscopic
cosmological constant is tied to a curvature singularity at small distances.

This structure changes for A\, = 0, where the improved Kretschmann invariant is regular
for all 612 > 2. The behaviour at 12 = 2 is worth mentioning as it seems in figure 4.5
that 1/K,(r) might approach zero in the limit » — 0. We thus analyse it very close to
zero, and in fact, it has a limit greater than zero as long as 61 2 > 2. The limit is given by

8 (3G0§2(d1 + dz) + 4g*)2

li R RMVPT — 4.2.12
7‘—)07101?2:2 UV po = Uk 27G3£4 ( )

so that ]
lim = 0.058 (4.2.13)

r—0, 9172:2 K* (T)
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4.2.2 Class II: Complex Critical Exponent

To study the case of the complex scaling exponents, the 6 2 in (4.2.3) are modified to take the
C-values in (4.2.2):
017220'1 + 1 o9, with 01,09 € R.

In this case, the eigenvectors v{* are complex conjugate of each other and c;2,d12 € C. One
redefines and normalizes these eigenvectors v§* and parameters such that, after some algebra
and up to some relabelling, we can bring (4.2.3) into the form

k T k] E\ %
gk =g« + | prcos |oaln | — || + posin [ogln | — — , (4.2.14)
ko L ko )/ | ko
_ _ o
M =M+ | qrcos |oaln L + g9 sin |02 1n L L , (4.2.15)
ko I ko) | ko

for some p12,q1,2 € R. Again, we shall set kg = 1 for brevity. This will not change the conclusion
of our investigation.

and

This scaling will change the classical Schwarzschild-AdS black hole geometry into one associated
with the effective lapse function

2M :
felrk(r)=1— 2, (95 + k=" [p1 cos (o2 In k) + pasin (02 In k)])
) " (4.2.16)
- §k2r2 (A 4+ k7" [q1 cos (02 Ink) + go sin (o2 Ink)])
Now, using the scale identification (3.2.28), the spacetime geometry at the fixed point regime is
characterized by the lapse function

2 2
£ =1 g ) = 5 () (1217)

where

(1) = g2 3o (MY o )i (g 10 (BTN o (360l
X1(T) = 9« r3/2 p2s o9 log \/§r3/2 p1cos | o9 log NGIETE
(4.2.18)

and

(T) = )\ +2%3_01 @ -9 sin | o 10 @ —+ cos | o 10 @
X2(T) = A« r3/2 az 2 log 232 a1 2 log 232
(4.2.19)

In figure 4.6 and 4.7, we plotted the behaviour of this improved lapse function for vanishing and
non-vanishing value of A\, and for some combination of the critical exponents.

e For A\, # 0, we found that the imaginary part oo of the critical exponent controls the
existence of the event horizon. For o9 > 1.3, the microsocpic black hole continues to have
an event horizon.

e For the case A\, = 0, the behaviour of the solution shows that there are event horizons for
many combinations of o1 2, although o9 still continues to dictate the position of the horizon.
This is expected as it controls the sinusoidal nature of the improved lapse function.
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Figure 4.6: The RG improved lapse function of the classical Schwarzschild-AdS black holes for
various combination of the complex critical exponents ;5. The curves are obtained for UV
fixed point values (g, A«) = (0.403,0.330) in (2.3.9) and for M =1, Gy =1, =1,¢; =d; = 1.

Figure 4.7: The RG improved lapse function of the classical Schwarzschild-AdS black holes for
various combination of the complex critical exponents ;2. The curves are obtained for UV
fixed point values (g, A«) = (0.403,0.00) in (2.3.9) and for M =1, Gy =1, =1,¢; =d; = 1.
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Complex critical exponent
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Figure 4.8: The inverse of the RG improved scalar curvature of the classical Schwarzschild-
AdS black holes for various combination of the complex critical exponents 61 2. The curves
are obtained for UV fixed point values g, = 0.403 in (2.3.9) and for M = 1,Gp = 1, £ = 1,
C;, = di =1.

e We investigate the scalar curvature at small distances. Its full expression is provided in
the Appendix II.

e The scalar curvature continues to be independent of the microscopic value of the cosmo-
logical constant. The inverse of the curvature scalar is plotted in figure 4.8. Regularity of
the scalar curvature is always realized for all combination of o1 > 2 and an arbitrary os.
For o1 < 2, curvature scalar diverges as r — 0 for an arbitrary os.
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Figure 4.9: The inverse RG improved Kretschmann invariant of the classical Schwarzschild-
AdS black holes for various combination of the complex critical exponent 61 2. The curves are
obtained for UV fixed point values (g«, A«) = (0.403,0.330) in (2.3.9) and for M = 1,Gp = 1,
E=1,¢,=d;=1.

Figure 4.10: The inverse RG improved Kretschmann invariant of the classical Schwarzschild-
AdS black holes for various combination of the complex critical exponent ¢; 2. The curves are
obtained for UV fixed point values (g., A«) = (0.403,0.00) in (2.3.9) and for M = 1,Gy = 1,
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e The full expression for the Kretschmann invariant Ry, ,, R¥"”” is provided in the Appendix
II. Tts small distances behaviour is shown in figure 4.9 and 4.10, where we have plotted for
vanishing and non-vanishing value of the microscopic cosmological constant \,, and for
various combination of the critical exponents.

e First for A\, # 0, the inverse of the improved Kretschmann invariant goes down to zero for
all scaling exponent o1 2. Again, the non-vanishing microscopic cosmological constant A,
is at the root of the curvature singularity at small distances.

e This structure changes ultimately for A, = 0, for which the improved Kretschmann invari-
ant is regular for all 01 > 2 and an arbitrary os. Hence,

. * HVPo :
r%%lgizZ R}y oo R finite. (4.2.20)
so that
lim = finite. (4.2.21)

r—0, 01>2 K, (1)

What is now obvious is that, for any critical exponent # € C describing the scaling of the
Newton’s coupling at high energy regime, there exists a lower bound Re(f) = 2, such that the
classical curvature singularity of the Schwarzschild-AdS black holes is resolved for vanishing
microscopic cosmological constant.

We note that this bound is in the vicinity of the estimates of the leading critical exponents
coming from differnt studies of high energy gravity, some of which are enlisted in table 4.1 and
4.2. Accordingly, our study hints at a possibility of singularity resolution in black holes, as
the qualitative estimates of the critical exponents point towards a possible realization of our
bound.

4.3 Origin of the Singular-Free Improved Solution

We have observed that the vanishing value of the microscopic cosmological constant play a very
crucial role in realizing a singularity-free improved black hole solution for Re(f) > 2. Given the
cumbersomeness of the full expression of the scalar curvature and the Kretschmann invariant,
one could not easily track how the divergence that characterises the classical Schwarzschild-AdS
black holes at r = 0 is fully suppressed. At this point, we shall provide a step-by-step analysis.
For our analysis, it is sufficient to study the scalar curvature since it features all of the competing
terms that play a role in the final structure of the RG-improved solution. We shall start with the
analysis of the case of the real critical exponents and then generalize it to the complex critical
exponents.

Starting again with the effective lapse function of the classical Schwarzschild-AdS black holes,

the RG-improvement consist in changing the k-dependence of the couplings into an r-dependence,
so that the full improved lapse function is a pure fucntion r. We recall here that, up to some
IR factors, our scale identification has a structure k ~ &r~7, where ~ is motivated through
appropriate scale identification. Consistency requirements on this identification imply that the
RG-improved solution satisfies the scaling R ~ k? in the fixed point regime. For Schwarzschild-
AdS, this is tantamount to v = 3/2 (see (3.2.28)). In this case, the effective couplings are given
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by

G —G(r)=Fk? [g* + ek + 0214:*92} (4.3.1)

k~gr—3/2

3 —61 —62
= 2—2 (g* +c (7,35/2> + co <7“3§/2> ) (4.3.2)

Ap — A(r) = K2 [A* Yk 4 dﬂf"?}

and

(4.3.3)

k~§7"*3/2

g2 £\ " £\ "
= e ()\* +d; (73/2> + do <7“3/2> ) (4.3.4)

In this sense, we have an effective lapse function

fulr) = 1= = - A,
leading to an improved scalar curvature
R(r) = E1[G(r)] + E1 [A(r)], (4.3.5)
where
=1 [G(r)] = 2%\24 (rG"(r) +2G'(r)) (4.3.6)
¢\ h ¢\
=5 16g. + c1 (367 + 1461 + 16) (73/2> + ¢ (3603 + 1465 + 16) <r3/2) ] ,
(4.3.7)
and
=2 [A()] = 5 [r (PA"(r) + BN'(r)) + 12A(7)] (43.8)
S P (- WY (R 439
=13 1601 ( 1+)r3/2 + da2bs ( 2+)r3/2 : (4.3.9)

As expected, this structure is free of the microscopic cosmological constant and it features the
scaling power of r as dictated by the universal gravitational critical exponent. We draw the
following conclusions:

e The regularity of Z; [G(r)] is completely dictated by the appearance of the scaling terms
—0 —6
( 3 ) ' and (%) 2. Obviously, these terms are regular for 61 o > 2.

7372
e On the other hand, the regularity of =5 [A(r)] is dictated by the appearance of the scaling
4r3 4r3

pole. One can see that any term that features any of the factor r—3+3/201 and p—3+3/20
are well behaved and remains finite for 61 2 > 2.

e (™ e (¢ 7" 1 ; :
terms (m) and (W) . The -5 factor emerges directly from the classical
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One can perform a similar analysis for the complex critical exponents. For brevity, set £ =1 in
order to see the structure well enough. This does not change the conclusion of our analysis. In
this case, the effective coupling becomes

Gp— G(r) =k (g + k=7 [p1 cos (o2 In k) + pasin (o2 Ink)]] oo (4.3.10)
o (4.3.11)
and
Ap = A(r) = k* [A + k7 g1 cos (02 In k) + go sin (o2 In k)] » (4.3.12)
o (4.3.13)
This would lead to an improved scalar curvature
R.(r) = Z3[G(r)] + E4 [A(1)] (4.3.14)
where
E3(G(r)] = i—ﬂf (rG"(r) +2G'(r)) (4.3.15)
= #o0 g« + MT?% {#1 sin (352 1117") + #5 cos <Bg2lnr>] (4.3.16)
and
= [A()] = é [ (PA"(r) + 8A'(r)) + 12A(r)] (4.3.17)
. [#3 sin (3;21nr) 44 cos (3‘2721nr>] (4.3.18)

Again, this structure is free of A, and it features the scaling power of r as dictated by the
universal gravitational critical exponent. We draw the following conclusion:

e First we noticed that {#;}i—0,1.. 4 are some real functions of p1 2, ¢1 2, 01 2, and they remain
finite for all finite values of p12,q12,012. Z3[G(r)] and Z4[A(r)] now feature sine and
cosine functions, which for all argument (&% In r), are bounded between 0 and 1. Thus,
the regularity of the scalar curvature (4.3.14) is independent of o5.

e The regularity of =3 [G(r)] is completely dictated by the appearance of the scaling terms

30
rTl, which is regular for all o; > 0.

e On the other hand, the regularity of =9 [A(r)] is dictated by the appearance of the scaling

30
terms 1“73*71, which continues to be well behaved for o1 > 2.

e Thus, the full scalar curvature (4.3.14) is regular only for o1 > 2. This therefore put a
lower bound o1 = 2 on the real part of the critical exponents.

e In fact, in the case of the Kretschmann invariant R}, RY"", the divergence we found

for non-vanishing value of the microscopic cosmological constant is due to the lack of

—6, —6
suppressing term such as (ﬁ) and (ﬁ) in the i—g-term, for some 8 € ZT,
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that controls the final form of divergences of the Kretschmann invariant. As such, even

when all other terms have been fully suppressed, the A _term eventually takes the leading
B

role and thus, R;VpaRf: "P7 would diverge to the order O(r~™2*(8)) when the microscopic
cosmological constant is non-vanishing, and thus, no values of 61 2 could come to the rescue

of regularity in the small distance regime.

e The origin of the singularity-free improved solution is now clear, that, once the microscopic
cosmological constant is too small to vanish, the classical singularity of the Schwarzschild-
AdS black holes is resolved by quantum gravitational effect which gaurantees a scaling
associated with the universal gravitational exponent 672 > 2.



Chapter 5

Summary and Outlook

In this work, we studied the structural aspect of black holes in asymptotically safe gravity. In
particular, we were keen on understanding the qualitative implications of asymptotic safety for
the structure of the quantum improved black hole spacetime. Here, we briefly summarize our
findings and discuss future outlook perspectives.

At the level of the Einstein-Hilbert approximation to the full dynamics, the asymptotic safety
paradigm had been used to argue for a resolution of the black hole singularity. However, only
for vanishing microscopic value of the dimensionless cosmological constant, A.. In this case,
the quantum spacetime turns out to have a smooth de Sitter core and the improved solution
appears Hayward-like, so that the RG-improved solution continues to avoid the cosmic censorship
hypothesis even for mass M < M,;.

As a consequence of non-vanishing microscopic cosmological constant, the black hole spacetime
singularity in the quantum improved spacetime reappears. We have also shown this in our study.
The terms proportional to A, in the Kretschmann scalar do not contain enough suppresing power
unlike the term featuring the dimensionless Newton’s coupling g.. As a consequence, these terms
continue to be the leading term at small r as long as the microscopic value of the dimensionless
cosmological constant is non-vanishing. This conclusion continues to hold even for all scale
identifications associated with d(r) ~ r7, and there is therefore no remedy for this situation at
the level of the Einstein-Hilbert truncation. Note that the effective cosmological constant of the
improved black hole solution is independent of A\, and strictly positive. This suggests that the
observation of a finite cosmological constant at large scales need not be in contradiction with
black hole singularity resolution, even in a simple approximation such as Einstein-Hilbert.

A vanishing microscopic fixed point value of the dimensionless cosmological constant offers an
opportunity to seek for a bound on the universal gravitational critical exponents. In the fixed
point regime, the critical exponents enter directly into the full curvature invariants, and as a
consequence, demanding a regular improved black hole core puts a lower bound on the value of
the critical exponents. We studied two classes of critical exponents. For the case of real critical
exponents 61 2, we found that the core of the RG-improved black holes continue to be regular
only for 612 > 2. For the class of complex critical exponent 612 = o1 £ 02, where 01> form
a complex conjugate pair, we found that the quantum improved spacetime geometry places a
bound on the real part o1, so that the black hole singularity vanishes for all combination of
o1 > 2 and an arbitrary value of g9. The arbitariness of o9 is understandable since it only
controls the spiral nature of the RG-trajectories in the fixed point regime. It is very encouraging
that the lower bound on the real critical exponents is in the vicinity of the estimates coming
from different studies of gravity. Accordingly, our study hints at the possibility of singularity
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resolution in black holes, as the explicit estimates of the critical exponents point towards a
possible realization of our bound.

The realization of a regular core in the RG-improved Schwarzschild solution poses a question as
to whether all asymptotically flat spacetime configurations are asymptotically safe in the sense
that their classical singularity is resolved by RG-improvement. This question is left for future
work. In the appendix, we instead broaden the application of the RG-improvement procedure to
several other configurations beyond Einstein gravity. For this, we studied some non-trivial flat
configurations of the pure R? gravity, as well as Hayward-like black holes. Hayward-like black
holes features a regular de-Sitter core and they are asymptotically flat. Our investigation shows
that these aymptotically flat configurations, characterized only by their mass M, continue to
have regular de-Sitter core at their asymptotically safe UV fixed point, for any scale identification
associated with d(r) ~ r7 with v > 3/2. Therefore, we thus far found no counter-example to the
proposal that an asymptotically safe regime generically results in singularity resolution. It is
not yet obvious if such counter-example exists, however, what our study suggests is that families
of asymptotically flat configurations, characterized by only mass, do features a leading order
term like O(r~6+47), so that their configurations are always asymptotically safe for all v > 3/2.
This suggests the regularity of the improved flat geometry at the non-trivial fixed point of the
renormalization group flows.

The study of the renormalization group improved configuration of the pure R? gravity may
in fact be a good starting point of studying whether the eventual singularity of the improved
Schwarzschild geometry, in the limit of non-vanishing value of the microscopic dimensionless
cosmological constant, is a truncation artifact. Based on our studies, one may explore RG
improvement beyond the Einstein-Hilbert truncation.

Going to the higher gravity truncation to seek for improved spacetime configurations is techni-
cally, a difficult task, as one will have to confront coupled differential equations of order greater
than 2. At order 4, field equations are daunting to solve analytically, so that the renormaliza-
tion group improvement would have to be done numerically. More recently, there has been some
progress (cf. [126]-[128]) in confronting the first task and in particular, the spherically symmetric
solutions have been explored to the second plus fourth-order pure gravity theory

§= / d27/=g [Y(R — 2A) — aCyuypeC7 + R (5.0.1)

whose spectrum contains a massless graviton, a massive spin-2 ghost excitation of mass (ms)? =

5 and a massive spin-0 mode with mass (mg)? = %, where v = ﬁ. The Frobenius method

was employed to make a non-trivial asymptotic ansatz of the form

A(r) = asr® + asp1r®t + agor® 4 (5.0.2)
B(r) =b; (r' + e 1T by ot 4 ),

with as # 0 # by, and an attempt was made to find a solution pair (s,t),, that exist for
all «, 5. The subscript r indicates that the pair (s,t) is a near rg solution. Of interest are
the near singularity solutions whose classical structure may constitute the starting point for
further studies on RG-improved black holes. Three families of this kind were not ruled out by
the Frobenius analysis, namely, the (0,0)0, (1,—1)o and the (2,2)y family, whose Kretschmann
invariant are respectively non-singular, diverges like 7% and r~8. These solutions contain some
free parameters which are yet to be fixed. Take for instance the (1, —1)o family which, in the
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limit of B = 0, corresponds to the two-function solution

2
A(r) = arr — afr® + ajr® + (gaﬂb - azll) o <ai’ - 630‘%62) +007), (5.0.4)
B 1 1 1
b(r) = +ay + bor? + galbﬂg - 37"4611172 +0(r%). (5.0.5)
—1

The solution is characterized by three free parameters. In the limit of 8 # 0, the classical
solution is characterized by four free parameters. These parameters are expected to feature the
coupling constants appearing in (5.0.1) as well as the mass of the system, so that a qualitative RG
improvement could be done when these free parameters are known. Neverthelss, one could start
gaining some insight into the RG-improved solution by starting from a dimensional argument
to provide the scaling of these parameters at high energy. Namely, since A(r) and B(r) must
be dimensionless, one should expect a scaling of the following form at high energy: a; ~ ajk,
by ~ b5k3 and b_1 ~ b* k~!. However, the tricky part of this starting point would be that, if
the free parameters are functions of the mass of the system, the RG improvement is therefore
tantamount to a running mass. If this is found physically reasonable, such RG improvement
may start to hint at the structural aspects of quantum improved black holes in the quadratic
gravity truncation. This is, in fact, worth studying.

In our study, using dimensional analysis as a guide, we proposed a scale identification associated
with a diffeomorphic invariant distance of the type

d(r) = ey G(r) T A@) 0 ,

which includes the effective Newton coupling G(r) and the cosmological constant A(r). For any
scaling of this form, one can demand its self-consistency by requiring that the corresponding RG-
improved spacetime geometry satisfies the scaling R ~ k2 in the fixed point regime (cf. (3.1.7)).
This is worth studying to understand what freedom is allowed for a physically motivated scale
identification. Indeed, if such freedom exists, one can always check for how qualitative and well
motivated a scale identification is, and it will in turn improve the robustness of the analysis.

Black holes are an intriguing test-field for quantum gravity as one cannot ignore the interplay
between the central singularity and the microscopic dynamics of quantum spacetime. Insights
from black hole physics could in turn hint at the quantum nature of spacetime. Thus, we can
really start to truly understand how the macroscopic ideas of the universe and gravity arise from
an underlying microscopic description of gravity. Whatever we learn is going to have a dramatic
impact on the way we think about the fundamental nature of quantum spacetime.



Part 1

On the Asymptotically Safe Flat
Configurations
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Flat Configurations
and Asymptotic Safety

One of the lessons of the last chapters is that the classical singularity of the Schwarzschild geom-
etry could be resolved by asymptotic safety. According to Birkhoff’s theorem, any spherically
symmetric solution of the Einstein field equations (EFE), without the cosmological constant,
must be static and asymptotically flat, so that the only unique vacuum solution of the EFE is
the Schwarzschild solution, satisfying the aymptotically flat requirement

Ry, =0, (.0.6)

and characterized by only it mass M.
One immediate question to ask is:

In d =4, are all asymptotically flat configurations, characterized by only mass M,
asymptotically safe?

In this chapter, we shall investigate this question by seeking for possible counter-example. Since
all asymptotically flat configurations has the property that they approaches a Minkowski space-
time at infinity, one can seek for such non-trivial configurations that are different from the
Schwarzschild family of solutions.

Some f(R) = R+uR" gravity models, for n € Z, are phenomenologically interesting, for example
in cosmology [119]. The Starobinsky model [120]

1

5= 167G

/d%\/fg (R+ pR?), (.0.7)

which corresponds to the case n = 2, propagates a graviton and a massive spin-0 state. This
model has given rise to a consistent cosmological inflationary model [121, 122] as it produces
an accelerated epoch of time preceding the radiation and matter stage of the universe. That
the existence of the quadratic term pR? lead to an asymptotically exact de Sitter solution is
of particular interest. Spacetime configurations in pure R? gravity may have some interesting
properties. The pure R? has been shown to be the only ghost-free theory in the quadratic
curvature gravity theory [123].

Non-trivial flat configurations exist as global minima and maxima of pure R? gravity [124]. The
static spherically symmetric configuration is characterized by just its mass. While the global
analysis of this configuration and its stability to linearized gravitational perturbation have not
been investigated (as far as we know), classical singularity is one of its main features. This
suggests that the solution could be a black hole spacetime, or otherwise, a naked singularity. In
any case, the appearance of such a spacetime singularity is an artifact of the classical description
of gravity which must be overcome by a consistent quantum gravity theory.
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Hayward type black holes [11] belong to the asymptotically flat family of solutions with a classical
de-Sitter core, so that it is classically different in structure compared to the general spherically
symmetric solution to (.0.6). It is not obvious if this regular core continues to remain when
gravitational quantum effect are taken into consideration. Since this belongs to the class we
would like to investigate, we shall include it in our analysis.

.1 The Non-trivial Flat Configuration of the Pure R?

The pure R? gravity model is given by
1
S = E /d4.'1)\/—g R2. (11)

where k € R is a dimensionless coupling constant. Introducing a langrangian multiplier ® = %R,
this action can be written as Einstein gravity, non-minimally coupled with a scalar ® :

S = /dA‘x«/i—g <<I>R - gqﬂ) . (.1.2)
By performing a conformal transformation

1 1
G = §M§l¢ G, (.1.3)

(.1.4) can be brought into the form

(.1.4)

M? _ B 3M51 0,P0"P “Mﬁz
2 4 P2 16

sz/d“x\/fg( ~R

Thus, one finds that the pure R? gravity theory is conformally equivalent to Einstein gravity,
minimally coupled to a scalar ®. Obviously, this conformal equivalence is possible only if the
curvature scalar is non-vanishing, R # 0, otherwise, the conformal transformation is singular. In

M4
this case R # 0, the pure R? vacuum solution is conformally (A)dS, with A = Rmp’ performing
the role of the cosmological constant in the Einstein frame.

In the presence of matter S = [ d*x\/—g Lmatter, the field equation to (.1.1) is given as
1
Juw = RR,, — ZRQgW — V. VR + 6w V°R = 4T, (.1.5)
One can show that .J,, is covariantly constant, so that the energy-momentum tensor T), is

covariantly conserved.

We seek the solution to
Juw =0, (.1.6)

whose trace lead to
OR = 0. (.1.7)

We shall now employ a theorem on static solutions to fourth order gravity. This theorem provides
the solution to (.1.7) that are asymptotically flat.

Theorem .1 (W. Nelson, 2010). If the spacetime is static (Ligu), and V, R — 0 sufficiently
fast at infinity, then (O — m?)R = 0, for 0 # m € R implies R = 0. If the spacetime is static
and R — 0 sufficiently fast at infinity, the equation OOR = 0 implies R = 0.
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Proof. See [125]. |

One note that, since
1 4 2
= /d av/—g R% >0, (.1.8)

flat configurations, R = 0, satisfying (.1.7) are global maxima of (.1.8) for x? < 0 and are global
minima of (.1.8) for k2 > 0, both of which satisfies the bound in (.1.8). While there are trivial
configurations like the Schwarzschild Ansatz, which continues to be among the solutions to pure
R? gravity, there is non-trivial ansatz satisfying such bound and this has been constructed in
[124].

A general static spherically symmetric spacetime ansatz is given as

dr?

g(r)

for some real functions g(r) and f(r). In the Schwarzschild case, this configuration is charac-
terized by a single function, with

ds® = —f(r)dt* + +r2dQ3, (.1.9)

fr)=g(r)=1- 2G| (.1.10)

r

Inserting (.1.9) in the curvature scalar,

rg/ +4g , 9/2 g// 29/ 2 2
_ 9- 9 29 _ 2 = 111
R < 29 ) P+ (292 e LG (1.11)

Hence, we wish to solve a second order ordinary differential equation

f'(r) +Au(r) f(r) +Ao(r) =0, (.1.12)
where 2,0 2 12 / 2
2regg” —r<g* +4rgg’ + 4g
= 1.1
Al(r) 7.299/ +4T‘g2 ’ ( 3)
and A
As(r) = — 0 (.1.14)

Cr2¢ +drg’
The structure of (.1.12) is such that, given a dimensionally correct ansatz for the lapse function
g(r) satisfying a required boundary condition, f(r) can in fact be uniquely determined. This
method of solution was used in [124] in solving for backgrounds that are global minima and
maxima of the pure R? gravity.

Since we are seeking for asymptotically flat configurations, characterized by only mass M, we
demand that spacetime be Minkowskian at infinity, so that

li =1 li =1. 1.1

lim g(r) =1, and  lim f(r) (-1.15)
Therefore, the non-trivial classical configurations are uniquely determined by the asymptotic
conditions (.1.15) and the structure of the singularity. By structurthe e of singularity, we demand
classical solutions whose geometry is regular everywhere except at » = 0. This requirement
will in turn fix the integrating constant. of the solution to (.1.12). We shall now list some
family of solutions satisfying R=0. To begin with, we shall first use this method to realize the
extremal solution of the Reissner-Nordstrom metric. Afterward, we present the other non-trivial
solutions.
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.1.1 Extremal RN Black Holes

The extremal limit of the Reissner-Nordstrom charged black hole is completely characterized by
its mass M = . This is an already known solution to the Einstein-Maxwell field equation. In
this case, the general ansatz for the lapse function g(r) is

g(r) = (1 - GM>2. (.1.16)

,
Solving for f(r) in (.1.12), we obtain

_ 2r? —2C0GM + 4Cr + G*M? — 2GMr
N 2r2 ’

£(r) (.1.17)

so that the Kretschmann invariant is
=(r
R,u,upaRquU = ( )7 (118)

where

E(r) = 6r' (4C% — ACGM + 5G*M?) + 14G*M*(GM — 2C)* — 52G*M?r(GM — 20)?

+ 2G*M?*r*(GM — 2C)(45GM — 58C) — 4GMr3(GM — 2C)(19GM — 10C).
(.1.19)
This geometry features a divergence to order O(r~—%) at » = 0 and another irregularity at
r = GM. By choosing C = —GM/2, the singularity at r = GM vanishes, so that this choice
correctly reproduces the lapse function

Fr) = (1 - GM>2, (.1.20)

r

of the extremal RN black holes.

This highlight that this method correctly provides some of the already known black holes that
are characterized by only their mass. For the moment, we shall restrict to this feature of black
holes.

Now, we shall obtain some other non-trivial flat solutions solution for which f(r) # g(r).

.1.2 Non-trivial configurations

We begin in the usual manner by choosing an ansatz for g(r)?.

Ansatz I:

Obviously, any ansatz of the form

(.1.21)

o) = (1- €1,

r

1We note that as we do not explicitly check, the form provided below might be a coordinate trasformation of
the Schwarzschild solution.



FLAT CONFIGURATIONS AND ASYMPTOTIC SAFETY 62
for n, o € R, is dimensionless and satisfies the asymptotic condition far away at infinity since

lim (1 _ aGM) —1.

T—00 T

Starting with an ansatz

o(r) = <1 _ G;Yf (.1.22)

which corresponds to n = 4 and a = %, and solving for f(r) in (.1.12), we obtain

9r (Ce_?)gTM + 47“) +3G2M? — 20GMr

f(r) = OGN — 2 : (.1.23)

so that the corresponding Kretschmann scalar is

_sem
Ry R = 1627’4?6‘]\; —2r)6 =), (1:24)
where
E(r) = 81C* (27G*M* — 144G* M?r + 312G*M*r* — 6AGMr® + 48r")

GM

— 44CGMe™5 (27G*M* — 252GP MPr + 804G> M — 880G Mr> — 961-%)

3GM

+128G°M?e™ (271G*M* — 306G° M°r + 1332G*M*r® — 2648GMr® + 2040r") .
(.1.25)
Now, this geometry is irregular » = 0 and » = GM /2. The Kretschmann diverges up to order
O(r~*) at r = 0. This singularity is classically weakened when compared to spacetime singularity
the Schwarzschild and the RN black holes. By choosing C' = — %e?’GM , the singularity r = GM /2
vanishes, so that

3G2M? + AGMr (—63—33’%”[ — 5) + 3612
fr) = 9(GM — 2r)?

The behaviour of the lapse functions and the Kretschmann invariant are respectively depicted
in figure 1 and 2, showing an asymptically flat solution with an event horizon. The geometry is
irregular at very small distances.

(.1.26)

Ansatz I1I:

Another form of non-trivial ansatz are family of exponential functions satisfying the requirement
(.1.15)%. One can therefore begin with an ansatz such as

BGM)

r

g(r) = exp <— (.1.27)
This lapse function is dimensionally correct. In particular, g(r) is dimensionless. This is what
we want, so that the line element is of dimension length square. Solving for f(r) in (.1.12), we
obtain

7“2

(BGM + 4r)>

BGM

[CT% 48P CR M £ T282GE M 1 456G M2 4+ 102413 . (.1.28)

fr) =

2 Again, we don’t explicitly check whether this is simply a coordinate transformation of Schwarzschild solution.
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Figure 1: The profile function (.1.22) and (.1.26) of the non-trivial flat solution of the pure R?.
The curves are obtained for M = 0.1, Gy = 1.

Figure 2: The Kretschmann invariant of the non-trivial flat solution (.1.22) and (.1.26). The
curves are obtained for § =2, M =0.1, Go =1
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The corresponding Kretschmann scalar is

4
r*(BGM + 4r)12 (r), (.1.29)

vVpo
Ry po RP7 =

[11

where

2BGM

E(r) = C¥fe™r (B'GIM* + 483G MPr + 38B2G2 M1 + 8BGMr® + 24r?)

— 8BCGMrte™ " (B5GS MO + 208°G5 MPr + 1428 G M2 + 31633G3 M)

4, BGM 227 72,4 5 6

—8BCGMrte + (—T248°G*M*r* — 26243GMr° + 4944r°)

+2B82G2M? (BOGOM + 447G M1 + 868B5GE MBr? + 1011287GT M r?)

+2B82G? M?* (77392B8°GO MOr* + 4131208°G° MPr® + 16214083 G* M *r°)

+2B°G*M? (49725443° G MPr" + 1229228832 G M*r® + 221898243G M1 + 20730624r'°)

(.1.30)

This configuration is irregular r = 0 and r = —GM /4. The singularity at r = —SGM /4 is
unphysical as long as § > 0, with 8 = 0 realizing a Minkowski spacetime. The Kretschmann
diverges up to order O(r~%) at r = 0. By choosing C' = 24e*3G M, the singularity r = —3GM /4
vanishes, so that

172 (BGOMP +185°G2Mr + 68GMy? (541 119) + 256r%)

f(r) = EETE : (.1.31)

For 8 = 2, the behaviour of the lapse functions and the Kretschmann invariant are respectively
depicted in figure 3 and 4. For a very small mass, a naked singularity may arise.

Lapse function

2.0
151
L f f(r)
1.0
g
05+
I I I 1 I I I 1 I I I 1 I I I 1 I I I 1 r
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3: The profile function (.1.27) and (.1.31) of the non-trivial flat solution of the pure R2.
The curves are obtained for M = 0.05, Go =1
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KIr]
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04

0.2+

L 1 1 1 1 r
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Figure 4: The Kretschmann invariant of the non-trivial flat solution (.1.27) and (.1.31). The
curves are obtained for M = 0.05, Gy =1

Some other asymptotically flat configurations can be obtained in this way. The level of com-
plexity depends on the choice of ansatz for g(r). While the global and stability analysis of these
configurations has not been investigated, what is however obvious is that a classical singularity
is one of their main features. This suggests that the solutions could be black hole spacetime,
or otherwise, a naked singularity. In any case, the appearance of a spacetime singularity is an
artifact of the classical description of gravity which must be overcome by a consistent quantum
gravity theory. This, we shall investigate.

.2 Structural Aspect of AS Flat Configurations

The structural aspect of asymptotically safe Schwarzschild geometry has been summarized in
3.2.1 and it is straightforward to show that asymptotic safety could resolve the classical singu-
larity of the extremal RN black hole, so that we can focus on the non-trivial flat configurations
and asymptotically flat regular black holes.

RG Improvement: Ansatz I

We begin with the classical configuration represented by the two-function solution (.1.22) and
(.1.26) given as
3G2M? +4GMr (—e* 5 —5) + 3612 oA
= d =({1- . 2.1
1) O(GM — 2r)?2 and g(r) < 2r > —
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RG improvement follows in the usual fashion. We promote the Newton’s coupling to its scale-
dependent analog, so that its behaviour at the non-trivial fixed point is G}, = k~2g,. For brevity,
we shall use the scale identification motivated by dimensional analysis,

diry=417, (:2.2)

so that the relevant scale identification capturing the gravitational quantum effect is
k(r)y==>7r"". (.2.3)

d is an IR value to be fixed by experiment (see (3.1.13)). Usually, it depends on the macroscopic
Newton’s coupling Go. Hence, the free parameter § will not change the conclusion of our
investigation. Later on, we shall make contact with the scale identification with the proper
time.

Performing the RG improvement, the quantum improved spacetime geometry is associated with
the lapse functions

362g, Mr27—1
304 g2 M2r1Y + 462¢2g, M2+ (—3“’2&2 - 5> + 36472
(1) = , 2.4
fulr) 9(02g. Mr?y — 2527“)2 (24)
and .
82g . Mr2—1
« =({1-——— 2.5
i) = (1 2050 (25)
Lapse function
g« (1)
14+
12+
1.0 f——ou-.
0.8+
0.6 -
0.4+
— (1)
0.2+
L L L L L L L L L — L L L L L L L L r
0.0 0.5 1.0 1.5 2.0

Figure 5: The profile function (.2.4) and (.2.5) of the non-trivial flat solution of the pure R2.
The curves are obtained for M = 0.5, Go = 1, g, = 0.403, 6 =2, v =2
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Figure 6: The Kretschmann invariant of the non-trivial flat solution (.2.4) and (.2.5). The curves
are obtained for M = 0.5, Go =1, g, = 0.403, 6 =2, vy =2

e First we observe that the spacetime configuration features an event horizon and continues
to be asymptotically flat. The radius of the event horizon may be greater than the Planck
length for mass comparable with M = 1. The corresponding lapse functions are depicted
in 5.

e The behaviour of the improved geometry at small distances is depicted in figure 6. It is
shown that the improved solution is well behaved as  — 0 only for v > 3/2

e By identifying the RG scale with the proper time, the scale identification is associated
with v = 3 which is within v > 3/2.

e We have not checked whether this ansatz is just a coordinate transformation of the
Schwarzschild. If so, then it is reassuring that our conclusion, namely the absence of
the singularity after RG improvement, persist under this changes.

RG Improvement: Ansatz II
The two-function solution, (.1.27) and (.1.31), of Ansatz II are given as

12 (BGOMP + 182G M + 68GMy? ("5 119) + 2561°)

flr) = (B T 4 : (.2.6)
and aM
g(r) = exp <—B . ) (.2.7)
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Performing the RG improvement, the quantum improved spacetime geometry is associated with
the lapse functions
4&42
2 éh2 557 +(7);
(8629« Mr27 + 4€%r)

felr) = (-:2.8)

with

882 g Mr27—1

Fi(r) = B30 g2 MPrO7+188%6 g2 M2 r 7 16367 g ME 12 <e ety 19) 12566573

and
Bé2gsMr27—1

gx(r)=¢e &2 ) (.2.9)
e For # = 2, the behaviour of the improved geometry at small distances is depicted in figure
8. It is shown that the improved solution is well behaved as  — 0 only for v > 3/2

e By identifying the RG scale with the proper time, the scale identification is associated
with v = 2 which is within v > 3/2.

e We plot the lapse function of the improved solution. It seem that there might be no event
horizon below the Planck scale, so that for some mass below the Planck mass, the improved

configuration is an ordinary spacetime. The corresponding lapse functions are depicted in
7.

Lapse function
2.0 — f(r)

1.5

1.0

0.5

= g« (r)

0.0 0.2 0.4 0.6 0.8 1.0

Figure 7: The profile function (.2.8) and (.2.9) of the non-trivial flat solution of pure R%. The
curves are obtained for M = 0.8, Go =1, g. = 0403, § = 2.5,y =2, = 2.
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Figure 8: The Kretschmann invariant of the non-trivial flat solution (.2.8) and (.2.9). The curves
are obtained for M = 0.5, Go =1, g, =0.403, 6 =2, vy =2, 5 = 2.

.3 Hayward Type Black Holes

We found four possible models of Hayward-type black holes in the literature, but they are
similar in contruction [11]-[16]. Without loss of generality, the classical geometry of a spherically
symmetric black hole with de-Sitter core is described by the line element

ds®> = —e 2OV F(p)dt? + F(r) " Ydr?® + r2dQ?, (:3.1)
where ¢(r) is a real function, and
F(r)y=1- """ (:3.2)

with M (r) and ¢(r) given in the table 1.

Hayward Type Black Holes

MODELS METRIC

M(r) ¢(r)
Hayward [11] 7,3%% 0

2MGr3

Bardeen [12] [r2+(2MG2)2/3]3/2 0
Dymnikova [14] M |1 —exp (—r*/2MG?)] 0
Hayward-Frolov-Zelnikov [15] % < 00

Table 1: Gravitational scaling exponent from different quantum gravity approach
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As it turns out, all of these solutions have regular geometry regular and are similar to to each
other. Therefore, it suffices to consider just the Hayward black hole.

The RG improvement is straightfowrad. Performing the RG improvement, the quantum im-
proved spacetime is associated with the lapse functions

5629, M2+

fe(r)=1- b g2 MY + 43 (:3.3)

e Hayward black hole continues to be regular for v > 3/2. For v = 3/2,

R . 960%gIM>
Yy Rpe B = e

e For a small mass M and the IR value § comparable to 1 or more, there is no more event
horizon as it would be for small mass of its classical analog. However, if the IR value is
less than or comparable to 0.86, event horizon forms for small black hole mass.

Lapse function

14 -

Figure 9: The Lapse function of the improved Hayward Black hole. The curves are obtained for
M=1,Gy=1, g« =0.403, § = 0.86, v = 3/2.
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Figure 10: The Kretschmann invariant of the improved Hayward Black hole. The curves are
obtained for M =1, Gy = 1, g, = 0.403, § = 0.86, v = 3/2.

On the structural aspect of classically flat configurations, the analysed geometries, so far, con-
tinue to be regular for scale identification associated with v > 3/2, and thus, we have found no
counter-example. While there are still some other flat geometries, characterized only by their
mass, for which we have not analysed, it is obvious they are similar to the asymptotic structure
considered in our analysis, and they may have similar structure when quantum gravitational
effect is taken into consideration.

We can already understand why this is the case. For these families of solutions, RG improvement
is tantamount to the appearance of a leading order term of the likes O (7‘_6+4V). This term
is therefore fully suppressed only for v > 3/2, so that the classical spacetime singularity is
resolved.
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.1  The Real Critical Exponents

R* RHVPT — =1
HLpo—x 32461%547’6

where

E=9%"

W\M)f’?] i (WMGO)””G”

r3/2 r3/2

Ay + Ay +3% (A3 + Ay) (

2

+ i9*91 —02

NMGO)GQ
16

372

<€m> —2(01+02)

1372

Bl+BQ+392(B3+B4+B5)<

+ 12961261 G2 + 4 (C) — 18rGo€? + C)* — 144r€2Gy (Cs + 18rGo&? — Cy)

for

M
Ay = 2% 303 ML 0LGE (30, - 2) <§\iﬁ> "

EVA4G0>91

372

[
A2 = 272+33917”302 (392 + 4) <

VMG,
Ay =2 3% (16r3g, — 2TME*GEN,) (5 3 /2G°) o

Ay =27 23 MEYG2 (30, — 2) + 27 +33¢y (30, + 4)

VI
By = 2% 303 Mg dyGE (962 — 1865 + 8) (5 GO) 0

r3/2

VMG
By = 2% +33%3¢, (902 + 180, + 8) <’E 0) o

372

VMG
Bs = 8 3% (2TMG2A.£* + 8. (5 = 0) "

1372

By =27 29 MEd, G2 (962 — 186, + 8)
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Bs = 2333, (967 + 186, + 8)

Oy = 2TMG2 <2921391d1 <

Cy = 83 <26213_9101 <(S 2?20()) 04 29723_9202 (5 é\éGo) —02 +g*>
r r

73/2 r3/2

Oy = —2TMG2 (2921391011 (

Cy =8 <29213_0101 <£ > 0 9% % 3%, (&/M) —02 _|_g*>

r3/2 r3/2

73/2 r3/2

.2 Complex Critical Exponents

.2.1 Scalar Curvature

R, = = g—o1—-1 <§VG0M>_01

8Go&2r3 r3/2
where
G M a o
= = 128¢,r%37 (&3/2) T4 RIGIME 127 07X 4 81GIME 227 07X,

—R1G2ME 127 02X, — 81GEME 2273 02X, + 2TG2M 4127 oy Xy
F2TGEME 27 oy Xy — 21GEME 227 M ou Xy + 21GEME4 12 Moy Xy
—81G2ME4 27 o090 X + 81GEME* 127 o109 X
+ par®23 3 (307X, + 201 (TX2 — 309.X1) — 303Xy — 1402 X + 16X,)
+pir27 13 (303X + 201 (309 X2 + TX1) — 305X, + 1409 X5 + 16X,

for
X1 = cos (0’2 log <3§\[G50/2 >>
and en,
X9 =sin (0’2 log (3%7"3/2 >>

§VMG0> 01 4 9% 302y, <§vMG0> —0, +)\*) ¢t

§VMG0>01+22 3024, (5\/ G0>92+>\*>€4
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2.2 Kretschmann Scalar

—_
—

R R = —— 2.3
ppo 324G2¢4r6 (2:3)
where
1
= = 1296G2¢M % + 971 Y AT + 50" Y1A2 + 144G€%r Az + 442 (.2.4)
for

Ay = 329,137, — 21G2ME3 122 P X — 21G2ME4 o2 2 P1X, + 81G2M 4127 o1 X4
+ 81G(2)M£4QQ2%0'1X2 — 81G3M£4QQ2%O’2X1 + 81G%M£4Q12%0’2X2
— 2G2N, ME*37 Yy + pard23 13 (304 Xy — 309X + 4X0)

+p1r32071+3 (30’1X1 + 30‘2X2 + 4X1)
(.2.5)

Ay = 64,7337 Yy + 243GEME 1272 02X + 243G ME 527 02 Xy — 243G2MEA 1272 02Xy
— 243G2ME 227 02 X0 + 2TGEME 277 T3 X + 27GEME 4,277 T3 X,
— 243G2ME 127 Tl Xy — 243GEME u27 T oy X + 243GEME 27 o Xy
— UBGEME 127 oy Xy — 243G2M 422 Moy 09 X + 243GEMEX 127 M oy0u X,
+ 8GN MEU3H3Yy 4 por®23 3 (907 Xg + 1801 (X2 — 02X1) — 903Xy — 1809 X + 8X>)
+pir®27 73 (967X, + 1801 (02 X2 + X1) — 903X + 1809 Xy + 8X) )

(.2.6)
As = —8r° (9* +27371Y; (X, +p2X2))
) (2.7)
— 27G(2)M£4 ()\* + 2713_01}/3 (qul + QQXQ)) + 18G0§2T
36/ GoM
X1 = COS | 02 log W
r
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Xy =sin <0 log <3£ GoM
2 = 2 T = a0
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e e e DK
r3/2
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